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Introduction

Among mean field approximations the Bethe approximation (BA)1 has attracted a renewed atten-

tion in the last two decades. Under the name of cavity method2,3 it was succesfully applied to

many different problems, such as spin glasses, error correcting codes and constraint satisfaction

problems4.

The Bethe approximation is exact for models defined on trees, and most of the interesting results

were obtained in models defined on locally tree-like graphs, e.g. random graphs where loops mean

size diverges in the thermodynamic limit.

Beyond random graphs, i.e. on graphs with short loops, very little is known about how good is

the BA. In recent years some efforts have been done for computing the finite size corrections to

disordered systems defined on locally tree-like graphs5,6 and it has been found that these corrections

are related to the density of short loops. However in the general case it is unclear how wide is the

application range of the BA, and in particular whether it can be of any practical use for models

defined on regular lattices.

Despite the presence of short loops is known to be one of the main limitations to a wider use of

the BA, we strongly believe that BA can provide some interesting insight also on models where it

is expected not to be exact.
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On the algorithmic side, it is worth noting that the BA self-consistency equations can be conve-

niently solved7 via an iterative message passing algorithm called Belief Propagation (BP)8, which

is very fast and efficient in many practical applications (and thus often used even in absence of any

proof of convergence or exactness).

Besides the enormous empirical success of the BP algorithm over the last years (some nice

examples are9–11) the analytic results supporting its correctness are somehow limited. The exactness

of the BP algorithm was demonstrated only on trees and graphs with up to one single loop12,13.

Moreover its application is limited to models where replica symmetry holds, a conjecture14 that was

rigorously proved only recently15. For some specific models on locally tree like graphs the exactness

of BP was rigorously proved under the assumption on the uniqueness of the Gibbs state16,17. What

the behavior of the BP algorithm should be away from straightforward applications is still unclear.

The main purpose of my Ph.D. will be to characterize the Bethe approximation, going beyond

the standard field of its application. Indeed, as preliminary results suggest, much information can

be extracted both from analytical and computational grounds, even on models defined on graphs

with loops, or in models where the uniqueness of the Gibbs measure does not hold. Moreover, even

when it is known that BP fails (e.g. it does not converge) one can modify BP and construct fast

and robust algorithm for useful tasks such as optimization.

Present work

At the present time we are performing a detailed study of the Bethe approximation on two disordered

Ising spin models: the random field Ising model (RFIM)18 and the Ising spin glass (SG) model4.

These two models represent an interesting challenge for the BA: on one side the RFIM presents

many different BP fixed points, possibly breaking the assumption of the uniqueness of the Gibbs

state in the thermodynamic limit, on the other side bypassing the lack of convergence of BP on SG

problems due to the replica symmetry breaking would be of great importance for the development

of heuristic optimization algorithms.

Bethe approximation and metastable states in the zero temperature RFIM

Only recently it was shown19 that the global minimum of the Bethe free energy is the maximum

likelihood solution of the zero temperature RFIM, irrespective of the graph on which is defined on
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(so even on graphs with loops). This motivated us to perform a detailed analysis of the performance

of the BP algorithm, whose fixed points correspond to the local minima of the Bethe free energy.

The RFIM is one of the simplest prototypes of disordered systems with quenched disorder and

still presents many unanswered questions (for a recent review on some open problem see20). Even

if the presence of replica symmetry breaking scenario was excluded only recently21, the failure of

dimensional reduction22 is still an open problem, and some aspects of the phase transition still need

to be clarified, as well as the anomalous slow dynamics23. Renormalization group arguments show

that the model can be studied in the zero temperature limit. This represent a great advantage

since at T = 0 an exact algorithm exists with polynomial time complexity, the min-cut/max-flow

algorithm24, thus providing a benchmark for numerical studies.

We are considering the RFIM defined on two very different topologies: (i) random regular

graphs (RRG), i.e. an ensemble of locally tree like graphs with fixed connectivity/degree, and (ii)

3-dimensional lattices. On RRG the BA is expected to be exact in the thermodynamic limit, but

the presence of loops in finite graphs could induce some non-perturbative effects, while the 3D case

is expected to be a much worst case scenario, due to the presence of many short loops.

At present we have some preliminary results suggesting that BA can provide some useful insight

even on models with short loops:

• It is known that the zero temperature RFIM present a large number of 1-spin-flip-stable fixed

points inside the hysteresis loop. They have been studied extensively in recent works25,26 and

analytical characterization has been obtained for the lower and upper branch of the hysteresis

curve (see for example27,28). These states can be reached with a standard zero temperature

Glauber dynamics29 or in general with a unidirectional dynamics scheme30. However we

verified that these states are unstable against small thermal fluctuations, and they can be

seen as a byproduct of the T → 0 limit in a finite model.

In contrast, the BP fixed points are obtained from a set of self consistency equations derived as

the zero temperature limit of the model in the thermodynamic limit31 and they are thermally

stable as numerical simulations suggest. Indeed it was shown that the so called "maximal

neighborhood" stability property32 holds for BP fixed points, which let the algorithm avoid

the (exponential number of) trivial fixed points present in the model.

• We found by simple inequalities that two initial conditions exist that provide maximal solu-

tions, the ones with largest and smallest magnetization. Every fixed point configuration is

bounded by these maximal solutions.
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In the critical region we found a percolation phenomenon for the unfrozen variables, i.e. those

variables taking different values in the two extremal configurations. We located the percola-

tion threshold of the unfrozen variables and found that it coincides with the thermodynamic

phase transition on the RRG ensemble, while in the 3D case it precedes the phase transi-

tion. Interestingly the largest computational complexity is found close to the percolation

threshold, rather than at the thermodynamical critical point. We believe this can have direct

consequences on the RFIM dynamics.

• We designed a modified BP algorithm which is able to identify many different local minima

of the Bethe free energy, by initializing BP with a convex combination of the already found

fixed points. We observed that the number of stable BP fixed points (local minima of the

Bethe free-energy) increases with the system size at the critical point. The algorithm is

always convergent and every configuration is reached in almost linear time. Furthermore this

modified version of BP is able to find the true ground state of the model in a very competitive

time, at most on random graphs, and it is a much more efficient way of exploring the Bethe

free energy landscape, since few initial condition are needed to find most of the solution (in

contrast to the widespread method of randomly initialize BP with a lot of initial condition33).

An analysis of the structure of these stable states seems to suggests the possibility to work

out a reweighted mean field theory, that until now was tested only in the fully connected

topology34.

What we learned and observed up to now on the RFIM raised several interesting questions:

• In general it seems that, at least in the critical region, the number of stable, non trivial BP

fixed points increase with the system size. So that what one should expect in the thermody-

namic limit? All the recent effort to numerically analyze the RFIM are based on the exact

ground state computation with the min-cut algorithm20,35. Can it be the case that only the

ground state is not enough for a full description of the model?

• On random graphs, despite the number of states grows in the critical region, the population

dynamics algorithm4 is unable to detect more than one state. Is the model homogeneity

assumption wrong for the RFIM?

• A lot of exact results on the BP algorithm rely on the uniqueness of the BP fixed point. Is it

possible to extend some of these results in the case the model displays more than one fixed
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point? Can we characterize the basin of attraction of these fixed points at least in a specific

model such as the RFIM?

BP as an heuristic for SG optimization problems

One of the best known heuristics for the spin glass (SG) optimization problem24,36 consists in

exactly optimizing a subset of nodes that form an unfrustrated cluster with the min-cut algorithm37.

Compared to the min-cut algorithm, the BP algorithm (although not provably exact in presence of

loops) is very fast and effective: e.g., it can easily found the ground state even in the presence of a

small amount of frustration. Optimizing clusters with a controlled number of frustrated links seems

to be a much more powerful tool to find the global optimum. This could be a great application of

the loopy BP, since at present numerical simulations of very large systems seem to be the only way

for solving some open questions on the SG nature.

Another promising approach that we are testing consist in randomly pinning (i.e. fixing) a

fraction of variables and iterate BP on a modified graph where the pinned variables act as an

external field. Despite its simplicity, this scheme reveals some interesting features. As expected,

the convergence of BP is guaranteed only above a certain fraction of pinned variables. However we

observed that as the fraction of pinned spins is increased from 0 to 1, the energy monotonically

decreases. The average energy obtained in this way seems to be consistent with recent numerical

simulations on the 3D EA model38, proposing this modified BP as a valid, almost-linear alternative

for SG optimization. Furthermore the behavior of this algorithm is telling us that BP outputs

meaningful marginals even when it does not converge. Indeed the low energy state is reached by

initializing the BP equation with the fixed point found with lower fraction of pinned variables

(randomly initialize BP while lowering the free spins will result in a trivial fixed point). Hopefully

a detailed characterization of this process will support our conjecture about the usefulness of BP

beyond safe grounds applications.

Future work

Many research directions can naturally follow these ongoing projects.

A standard application will be the development of new algorithms for solving computationally hard

problem (e.g. constraint satisfaction problems) via modified BP algorithms. Our main interest will

be on disordered Ising spin models, but hopefully we will be able to extend the present study to the
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case of continuous spin variables, which may find an even broader field of application, for example

in solving maximum likelihood problems via convex optimization39.
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