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Introduction: Actin
Ø  Actin is one of the most abundant and strongly conserved 

of all eukaryotic proteins. 
Ø  It is one of the main constituents of the cytoskeleton. 
Ø  G-actin: monomeric state, globular multi-functional protein. 
Ø  F-actin: Yilamentous state, two protoYilaments that form a 

double helical microYilament. 
Ø  Cellular functions (e.g. cell motility, 

cell division and cytokinesis, vesicle 
and organelle movement, cell signaling, 
the establishment and maintenance of 
cell junctions and cell shape). 

Ø  Different types of structures: dendritic 
network, lamellipodium, 0ilopodium. 



•  Self-organization to create polarized arrays and fairly rigid 
bundles 
•  Polymerizing networks or bundles of actin Yilaments are capable 

of exerting signiYicant mechanical forces, used by cells to change 
shape, to move or to push obstacles. 

F-Actin bundles: polymerization force
are required to achieve high local concentrations of signal. Kater et al.
have proposed that this direct consequence of filopodial shape makes
them inherently hypersensitive detectors of external signals [24].

2. The structure of filopodia

Filopodia are cylindrical protrusions approximately 100–200 nm in
diameter and up to 10 μm or more in length. The shortest of these
structures may barely protrude from the cell surface and these are
sometimes referred to as ‘microspikes’ to discriminate them from
longer filopodia. All filopodia contain a central core of around 10–30
actin filaments packed tightly together in a parallel array [25–27],
forming the shaft of the filopodium (Fig. 2). Detailed electron

tomography studies of Dictyostelium filopodia have shown that the
average length of these shaft filaments is approximately 200 nm,
meaning that overlapping filaments must be used to span the length
of longer structures [26]. Filaments in the shaft have a uniform
polarity, with the growing or ‘barbed’ end orientated towards the
filopodial tip [25,28] These barbed ends terminate in a region called
the tip complex — a collection of actin-binding proteins and
filaments that can be seen as an electron-dense structure by EM
[26,29]. At the base of the filopodium, the actin filaments are often
routed deep into the web of actin that lies beneath the plasma
membrane [25,29,30] (Fig. 2). The filopodia tip is the site of actin
monomer addition to the actin filaments [31]. Filaments in the
filopodium constantly cycle backwards toward the base through

Fig. 1. Filopodia in context. (A) Filopodia projecting from a neuronal growth cone (Kate Nobes). (B) Filopodia projecting from the two epithelial sheets during dorsal closure in
Drosophia (Sarah Woolner and Paul Martin). (C) Filopodia projecting from the tip cell at the front of an endothelial sprout during angiogenesis (Harry Mellor).

Fig. 2. Filopodial structure. (A) Schematic diagram of the structure of a filopodium. The central core is composed of a parallel bundle of actin filaments orientated with their plus or
barbed ends towards the tip. The tip region contains a cluster of proteins including mDia2, Myo10, Ena/VASP proteins and IRSp53. The filaments in the stem are held together by the
actin cross-linking protein fascin, and by links to the plasma membrane mediated by ERM proteins. IMD proteins line the interface between the actin bundle and the plasma
membrane and help stabilise membrane curvature. At the base of the filopodium, the actin filaments splay out and are integrated into the dendritic network of actin below the plasma
membrane. (B) An electron micrograph showing the organisation of actin filaments in a filopodium (Tanya Svitkina). The filaments in the filopodium are pseudocoloured blue to
allow them to be traced against the background array of actin beneath the plasma membrane. The tip complex can be clearly seen as a density at the end of the filopodium. (C) An
electronmicrograph showing the arrangement of actin filaments in a filopodium from a cell with reduced fascin expression. In the absence of fascin, the filopodium buckles (Danijela
Vignjevic; [38]).
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1.  Velocity-load relationship: velocity at which an obstacle 
advances under the combined action of the polymerization 
force and an external load, as a function of the external load.


2.  What’s the amount of force that a Yilament or a bundle can 

sustain before they stop growing? (Stalling force) 

3.  How does the actin machinery tune the number of Yilaments at 
the leading edge of the bundle to work in an optimal regime of 
force production? (“Perfect work sharing” − “no work sharing” 
condition) 


4.  Dynamic interplay between the cell membrane and F-actin?


F-Actin bundles growing against an external load



F-Actin bundles: Experiments
•  Bundles subject to external forces:

ü  Stalling force measurement in optical trap (Footer et al., 2007) 
ü  Velocity-load relationship (Démoulin et al., 2014) 
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Figure 1 Thin actin protrusions emerge from dendritic actin networks.

a, Phase-contrast and spinning–disc confocal images of membrane (green) and
actin (red) show multiple protrusions in the lumen of a GUV. Overlay of the
fluorescence images confirms that the membrane protrusions are supported by actin
filaments. Scale bar, 5µm. b, Localization of AF555 actin and AF488 capping protein
(CP) fluorescence in thin actin filament protrusions shows that filament barbed ends
are concentrated at the tip of the protrusions. Scale bar, 10µm. c, Localization of
actin, Arp2/3 complex and capping protein along thin actin filament protrusions. The
normalized Arp2/3 complex (n= 4) and capping protein (n= 3) traces were divided
by the normalized actin (n= 7) line scans. d, Elongation of a thin protrusion
visualized by phase-contrast microscopy. A second, independent protrusion enters
the field at 10min and crosses the path of the protrusion that is tracked (red
arrows). Scale bar, 3µm. The length of the protrusion was tracked through time
showing that growth initially occurs quickly but slows down over time. Inset:
Kymograph of fluorescently labelled membrane.

Typically, the thin actin filament protrusions formed from the
dense membrane-associated dendritic actin networks within the
first few minutes after introduction of purified proteins and grew
into the lumen of the GUVs. Elongation was tracked over time
using epifluorescence microscopy of fluorescently labelled lipids
and confirmed with phase-contrast microscopy (Fig. 1d). The thin
actin filament protrusion in Fig. 1d initially grew at a rate of
⇠1 µm min�1, gradually slowed, then halted at a terminal length
of ⇠24 µm. We found that the stationary length of thin actin
filament protrusions ranged from 1 to 25 µm (n > 1,000). During
elongation, the protrusions remained straight with no visible lateral
fluctuations. Using a kinetic model based on that of Mogilner and
Rubinstein13, we found that the observed elongation dynamics were
consistent with growth of ⇠10 filaments within a single protrusion
(see Supplementary Information).

To further examine the growth of the thin actin filament
protrusions, we conducted a photobleaching experiment combined
with confocal imaging to determine where free actin monomers
were added (Fig. 2a). Photobleached spots within protrusions
showed little recovery (see Supplementary Information) as filament
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Figure 2 Elongation of a thin actin filament protrusion by polymerization

proximal to the membrane. a, Laser scanning confocal images of fluorescence
recovery of a photobleached region along a protrusion. The red arrow denotes
the tip of the protrusion. Scale bar, 1µm. b, Trajectories of positions along the
photobleached protrusion. Blue circles mark the tip of the filopodium-like protrusion.
Black circles (white on the image) mark the edge of the photobleached spot that is
proximal to the tip. Red circles mark the edge of the photobleached spot that is
distal to the tip.

tips elongated (Fig. 2b), indicating monomer addition does not
occur along the thin actin filament protrusions. These observations
confirmed that protrusions incorporate new monomers only at
their tips.

The observed actin-based protrusions show a striking
resemblance to cellular filopodia in two respects: (1) elongation
of the actin filaments occurs at the tip of the protrusion, and
(2) the protrusions lack the dendritic architecture of the networks
from which they emerge14,15. However, unlike in vivo filopodia,
the formation and stability of the thin actin filament protrusions
from dendritic actin networks did not require bundling proteins
or tip-complex proteins. In fact, the spontaneous initiation
and growth of the protrusions in our experiments would be
considered unlikely owing to dendritic actin network geometry and
resistance of the membrane to deformation14. We propose that our
observation of thin protrusion growth and stability in the absence
of accessory proteins can be explained by considering the interplay
between actin network and membrane mechanics.

Using a mechanical model of actin-membrane configurations,
we found that a deformable membrane can overcome the
bending rigidity of actin filaments to both gather and bundle
nearby filaments into a single tubular protrusion, even in the
absence of tip-complex or bundling proteins. To illustrate how a
deformable membrane can gather actin filaments, we computed
the minimum energy configuration of an elastic sheet (representing
the lipid bilayer) enveloping two semiflexible protrusions (Fig. 3a,
see Supplementary Information for calculation details). In our
calculations, the protruding filaments are anchored 100 nm (L0)
below and are orthogonal to the unperturbed membrane. For this
geometry, we determine the energetically optimal separation of
the tips of filaments with contour length L and separation D at
their bases. We find that, indeed, membrane elasticity is suYcient
to bring together the tips of two nearby nascent protrusions. For
a membrane tension of 0.005kBT nm�2 (ref. 16), the eVective
range of this membrane-mediated attraction extends beyond the
filament thickness (⇠10 nm) by only a few nanometres when
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• Actin network grown on Giant 
Unilamellar Vesicles (GUV)

ü  Membrane-induced 
bundling of actin Yilaments 
(Liu et al., 2008)

stall force for actin filament elongation in the pN range. Sur-
prisingly, we find that the growth of small bundles (approxi-
mately eight filaments) stalls at a low load force that would be
expected to stall growth of a single actin filament under these
conditions, suggesting that the separate filaments in the bundle
do not cooperate for force generation.

Results
Observation of Actin Filament Growth Using an Optical Trap. Optical
traps are uniquely suited for measuring forces in the pN range under
a variety of biochemical conditions. We used the rigid polarized
acrosomes from Limulus sperm as nuclei for actin filament growth
(11, 26) and as manipulable handles to physically separate the
position of the bead in the optical trap from a refractile barrier

(Figs. 1 and 2). Before any trapping experiments could be carried
out we needed to establish solution conditions where G-actin would
not polymerize spontaneously, as filaments in solution would
interfere with trapping and disturb our measurements. In the
presence of a 5-fold molar excess of profilin and a low-salt,
low-magnesium buffer, we found that actin filament elongation
occurred exclusively at the barbed ends of acrosomal bundles (Fig.
1 a and b). We determined the apparent critical concentration for
barbed end growth on acrosomal bundles under these conditions
(Fig. 1c), which under the low-salt, low-magnesium buffer condi-
tions used in our experiments depends linearly on the amount of
profilin present (27, 28). The apparent critical concentrations in Fig.
1c include both profilin-bound actin and free actin. Any effects on
the actin monomer caused by the profilin, state of the actin (ATP,
ADP-Pi, etc.) are measured by this assay and if the role of profilin
under our experimental conditions is to alter the critical concen-
tration with no other significant effect on actin polymerization, then
the values we measured (Fig. 1c) can substitute for Ccrit in Eq. 1 (5).
Using the total concentration of actin for C in Eq. 1 we would expect
an Fmax of 0.5, 0.8, and 1.0 pN for 1, 2, and 4 !M actin, respectively.
This calculation is further discussed in supporting information (SI)
Fig. 7 and SI Text.

We used electron microscopy to characterize the growth of actin
filaments on the Limulus acrosomes under the chosen conditions
(Fig. 1 d and e). As reported (11), a variable number of individual
actin filaments grew from the barbed end of each acrosomal bundle,
with a median number of eight filaments per bundle in 4 or 2 !M
actin and six filaments per bundle in 1 !M actin (Fig. 1d). By
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Fig. 1. Actin filament growth from isolated Limulus acrosomal bundles. (a)
Limulus acrosomal bundle fragments (!5 !m long) were incubated with
rhodamine-actin. Small tufts of fluorescent actin filaments are seen growing
from the barbed end in this sequence of phase-contrast, rhodamine, and
overlay images. Notice that some acrosomes form clusters. (b) Electron micro-
graphs of negatively stained filaments grown from acrosomal bundles with 4
!M monomeric actin and 20 !M profilin. (Upper) Ten seconds of growth.
(Lower) Thirty seconds of growth. (c) Apparent actin critical concentration
measured for different concentrations of profilin (actin/profilin ratio 1:5 for
all experiments). Duplicate points show results of independent experiments.
(d) The number of filaments per acrosome, counted during the first 40 s of
growth. The difference in the number of filaments per acrosome at different
time points was not significant. (e) Diffusivity in length of the actin filaments
in the three assay conditions over the first 40 s of growth. The complete set of
diffusivity data are presented in SI Fig. 8.
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Fig. 2. Experimental setup. (a) Bead with attached Limulus acrosomal
bundle held in keyhole trap and brought next to microfabricated wall struc-
ture. Bead is 2 !m in diameter. (b) Schematic showing the sequence of events
for an experiment. (Top) The bead-acrosome construct is positioned a few
nanometers away from a barrier. (Middle) Actin monomers are introduced
into the flow cell. (Bottom) Filaments grow from the barbed end of the
acrosomal bundle and force the bead away from the wall. The force is directly
proportional to the distance d. (c) Flow cell used in the experiments. The slide
is on top and the coverslip (with diamond-shaped patterned area) is at the
bottom. Dye shows the fluid path from reservoir to drain. The microscope
objective was photographed separately and added for clarity.

2182 ! www.pnas.org"cgi"doi"10.1073"pnas.0607052104 Footer et al.

the magnetic field is turned off, the probe beads freely diffuse
out of the magnetic chains. By measuring the magnetic field and
the interparticle distance within a pair composed of a probe bead
and a primer coated one, the magnetic force opposed to the
filaments can be calculated. According to the action-reaction
principle, it is equal to the actin growth pressure (Materials and
Methods). In the following, we call surface-to-surface distance
the gap between actin covered beads and probe beads, averaged
over all the pairs in a magnetic chain. Force measurements based
on this technique have been successfully used to study electro-
static forces (18), the stiffness of DNA molecules (19), or the
elasticity of cross-linked actin gels (20).
Our experiments are designed to ensure that actin nucleation

in bulk is negligible, which is achieved by working close to the
actin critical concentration in low salt conditions and by keeping
the duration of the experiments within a few tens of minutes. We
thus assume that actin polymerization only occurs on the beads.
Because the concentration of beads is very low, depletion of
the actin monomer pool is negligible, and growth rates remain
constant throughout each experiment. The corresponding velocity
of free elongation in solution is vo = δðkonC− koffÞ= 0:42 nm=s,
where δ is the size of a monomer, C is the actin monomer con-
centration, and konC (respectively, koff) is the rate of monomer
attachment (respectively, detachment) at the tip of a polymeriz-
ing filament (Materials and Methods). We check later in this ar-
ticle (Fig. 2) that when filaments are subjected to very small
forces, their elongation velocity v tends toward vo.
Gelsolin molecules are anchored to the beads via a 3-nm

spacer arm (Materials and Methods) acting as a hinge around
which filaments can freely pivot (Fig. 1D). In previous work (21),
we demonstrated that the loss of rotational freedom of the

filaments close to a neighboring bead can generate forces whose
origin is entropic. We called this force generation mechanism the
entropic model. However, such a soft structure in which fila-
ments can rearrange by rotation is not likely to form in vivo
where cytoskeleton filaments are generally cross-linked or
bundled.
To make our system more realistic, our assay is here supple-

mented with fascin, a filament bundling protein present at a high
concentration in filopodia. The effect of fascin on the organi-
zation of the filaments in our setup is visualized by confocal
microscopy with fluorescent actin growing on a nonfluorescent
isolated bead. In the absence of fascin (Fig. 1B), single filaments
cannot be resolved because of rotational fluctuations around
their anchoring point (Fig. 1D and SI Text). However, in the
presence of fascin, static bundles are clearly observed (Fig. 1C).
This presence of bundles is consistent with an energetic balance
(SI Text and Fig. S1) showing that in our geometry, it is fa-
vorable for filaments to form bundles with fascin, even though
they have to bend slightly for bundling to occur (Fig. 1E). It is
thus reasonable to assume that no individual filament coexists
with the bundles. Authors have observed that for a molar ratio
[fascin]/[actin] > 0.25, which is the case here, the number of
filaments in a bundle saturates to 20 (22, 23). Because about 45
bundles are visible in the image of Fig. 1C and assuming that the
image depth of field is 1 μm, the total number of filaments per
bead Ntot can be estimated to be 16,000.
When the actin bundles polymerize from the surface of mag-

netic beads in a chain, the surface-to-surface distance is in-
creasing with time. The relationship between the bead separation
velocity that we measure and the filament elongation velocity
that we seek to study must be clearly established. For that, we
need to ensure that no buckling, reorganization, or damage
occurs on exposure to force applied with magnetic probe beads.
We first submit the bundles to rapid force ramps and find that
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Fig. 1. (A) Composite optical microscopy image of a typical experiment.
Here, actin polymerizes from primer coated beads (black) against fluo-
rescently labeled probe beads (red) under a magnetic force of 4.6 pN (2 μM
actin and 2 μM fascin). Cyan arrows indicate the pairs considered for analysis.
After 11 min of polymerization, the average surface-to-surface distance is
0.30 μm. (B and C) Differences in the organization of actin filaments caused
by fascin. Fluorescent filaments growing on a nonfluorescent bead without
magnetic field are observed by confocal microscopy. Images are taken in the
equatorial plane of the bead after 3 h of polymerization of (B) 6 μM actin;
(C) 6 μM actin and 2 μM fascin. (D and E) Schemes of the organization of the
filaments (green) anchored to the surface of magnetic beads by flexible
primers (pink) corresponding, respectively, to B and C.
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fascin. Experimental data can be well reproduced by numerical simulation with
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line). (Inset) Reproduction of the experiments performed to obtain four of
the data points in the force-velocity profile. A linear fit (gray line) to the
time evolution of the surface-to-surface distance is performed while the
force is kept constant: pink circles, F = 3.9 pN, v = 0.48 nm/s; black circles,
F = 4.5 pN, v = 0.23 nm/s; green circles, F = 24 pN, v = 0.11 nm/s; orange
circles, F = 98 pN, v = 0.02 nm/s.
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F-Actin bundles: Models
•  F-actin: large persistence length                       
•  Models for rigid Yilaments                   :

ü Hill model (1981): mean-0ield theory 
ü Peskin (1993), Mogilner and Oster (1996), Démoulin (2014)…: 

brownian ratchet model

`p ' 5370d
`p = 1

Ø  Different velocity-load 
relationships

Fstall = Nf
kBT

d
ln ⇢̂1

Free 
monomers 
reduced 
density

Ø  Same stalling force



Past and Present work: Flexible F-actin Model 
²  Introduction of 0lexibility in the Yilament model
²  Bundle in the optical trap set-up:

ü  Filaments: discrete Worm-Like Chains (WLC) - Filament force: 
Frey1 compression law

ü             persistence length
ü          grafted Yilaments, growing 

against the wall at position 
ü              number of monomers in 

Yilament n
ü              trap strength
ü  Load force:

     

Nf

L

FL = TL

jn =

T =

`p =

1. A. Gholami, J. Wilhelm, and E. Frey, 
Phys. Rev. E 74, 041803 (2006) 




↵(jn, L) = exp (��wjn(L))

Past and Present work: Dynamical Model
•  Sample space: 
•  Time evolution of the joint probability                                 :
   space and time continuous/discrete Fokker-Planck equation
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Past and Present work: Discretized Dynamical 
Model
•  Spatially continuous stochastic process approximated by 

spatially discrete jump process
          Discretization of the wall motion over a grid of step  


•  Forward Equation for the probability                                           :



           Continuous Time Markov Chain with generator matrix 
for which numerical realizations can be constructed 

! � = d/M

Lk(t) = k(t)�

dP
dt

= PQ

P(t) ⌘ Pj1,...,jNf
,k(t)

! Q



Past and Present work: Stochastic Dynamics 
Simulations
Ø  Gillespie algorithm1

Ø  Random number generation to determine the jump to occur (one 
Yilament single (de)polymerization or wall forward or backward 
jump) and the time elapsed from the last one

Ø  Independent trajectories (realizations) 

1. D. T. Gillespie, The Journal of Physical Chemistry 8, 2340 (1977).
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Future work: Bundle interacting with cell membrane

Ø  Cell (or plasma) membrane
ü  Biological membrane which separates the interior of all cells from the 

outside environment
ü  Phospholipid bilayer with embedded proteins
ü  Soft with respect to the cytoskeleton 
ü  Highly deformable to adapt to cell shape variations (endocytosis, 

exocytosis, tubules formation…)

Dynamic interplay between the plasma membrane and the cytoskeleton in 
the tubules formation still not fully understood



Ø  Fluidity: Phospholipids and proteins can drift laterally 
along the membrane 



Ø  Bilayer thickness: small 
compared to the length 
scales describing its shape 
and its undulations
 



Ø  Compressibility modulus: 
usually rather large

 

Future work: Bundle interacting with cell membrane

Incompressible 
limit – 0ixed 

membrane area

Zero-thickness 
limit



mean curvature

spontaneous curvature

Gaussian (intrinsic) curvature

bending (rigidity) coefYicient

Gaussian bending coefYicient



Hel =

Z
dS

h
2
(H �H0)

2 + ̄K
i

H =
H0 =
K =

 =
̄ =

Continuum model for thin, incompressible membranes 
(Canham 1970, Helfrich 1973):

Ø  Only contribution to the conYigurational energy: bending 
energy 

Future work: Bundle interacting with cell membrane



Ø  Bending energy -- Discretization of the surface into hard spheres 
tethered into a triangular network embedded in 3-dimensional 
space (triangulated surface)





Connectivity = dynamic variable by 
cutting and reattaching tethers

April 20, 2004 9:28 Spi-b145: Statistical Mechanics of Membranes and Surfaces 2nd Edition chap12

Triangulated-Surface Models of Fluctuating Membranes 383

Fig. 5. Fluidity of the membrane is obtained by dynamic triangulation, in which a bond (dashed
line) is removed from the network and replaced by a new one, which connects the two previously
unconnected vertices of two neighboring triangles.

(Kantor and Nelson 1987) of the bending energy for polymerized membranes is

Enorm
b =

1
2
λb

!

⟨ij⟩

|ni − nj |2 = λb

!

⟨ij⟩

(1 − ni · nj), (65)

where the sum runs over all pairs of neighboring triangles, and ni is the surface
normal vector of triangle i, compare Eq. (20). In the continuum limit, the difference
ni − nj becomes the gradient of the unit-normal-vector field, and

Enorm
b → Hnorm =

1
2
κ

"
dS gij∂in · ∂jnj , (66)

where gij is the contravariant metric tensor. Equation (66) is equivalent to the bend-
ing energy Hb, Eq. (61), with κ̄ = −κ (Seung and Nelson 1988). The relationship
between the bending rigidity λb in Eq. (20) and κ can be determined by either dis-
cretizing Eq. (66) on a random surface, as described by Gompper and Kroll (1996)
and Itzykson (1986), or by covering a sphere or cylinder with a number N∆ of equi-
lateral triangles and taking the limit N∆ → ∞. Surprisingly, the result of the latter
procedure depends on the shape of the surface! While, both explicit discretization
and coverings of a sphere yield λb =

√
3κ (Kroll and Gompper 1992a; Gompper

and Kroll 1996), coverings of a cylinder yield λb = 2κ/
√

3 (Seung and Nelson 1988;
Gompper and Kroll 1996). This problem is discussed rather extensively by Gompper
and Kroll (1996).

Discretizations of the squared Laplacian form of the bending energy

HLap =
κ

2

"
dS(∆R)2 ≡ κ

2

"
dS H2 (67)

do not share this pathology (Gompper and Kroll 1996). A general introduction
to methods for discretizing operators on triangulated random surfaces is given by
Itzykson (1986). On a triangulated surface, the mean curvature at node i is

H = n · ∆R → Hi =
1
σi

ni ·
!

j(i)

σij

lij
(Ri − Rj), (68)

where ni is the surface normal at node i and the sum is over the neighbors of site i.
lij is the distance between the two nodes i and j, σij is the length of a bond in the

Ebend =
1

2
�b

X

hiji

|ni � nj |2

Sum over all pairs of 
neighbor triangles  

Normal versor to 
triangle i

Ø  Fluidity -- Network model must allow for the diffusion of 
vertices along the membrane 

Randomly-triangulated-surface model for Yluid 
membranes
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which first arose in the study of bosonic strings, namely24

Z =
!

Dg0,ab

!
Dr⃗(ζ1, ζ2)e− 1

2 K
!

d2ζ
√

g0gab
0 ∂ar⃗·∂br⃗. (1.23)

The “action” is composed of surface gradients ∂ar⃗ contracted with a metric ten-
sor gab

0 . The integrations are over all possible metrics g0,ab, as well as over all
possible surface configurations r(ζ1, ζ2). Although the underlying metric and the
surface are independent variables, Polyakov24 has shown that a relation analogous
to Eq. (1.2), i.e.,

g0,ab =
∂r⃗

∂ζa
· ∂r⃗

∂ζb
(1.24)

is recovered in the low temperature, strong coupling (K → ∞) limit.
A microscopic physical interpretation of Eq. (1.23) is illustrated in Fig. 7. For

a fixed metric g0,ab, the surface is represented by a fixed triangulation of particles,
connected by harmonic springs. The action in Eq. (1.23) is the continuum limit of
the energy associated with these springs. The particle positions can be arranged to
approximate any particular simply-connected surface with free boundaries r⃗(ζ1, ζ2);
there is, however, a significant energetic cost associated with large deviations from
the surfaces preferred by the underlying connectivity or “background metric”. To
carry out the functional integral (1.23) on a computer, one would first integrate

Fig. 7. Lattice of Gaussian springs with a fixed connectivity.



Randomly-triangulated-surface model for Yluid 
membranes
Ø  Fluctuations -- In-vitro experiments: µm-length membrane 

tubes protruding from the surface of a large vesicle


 ü  it is considered as a Yixed reference 
frame and reservoir of lipids

ü  it Yixes the surface tension

Grandcanonical Montecarlo: 
MC moves attempting to change 
the number of vertices in the 
triangulated surface

2

1

2

1’1’

2

1

deletion move

insertion move

FIG. S1: Illustration of the grand canonical Monte Carlo move for the insertion/deletion of nodes

into a local neighborhood of the triangulated surface.

To propose the trial move ⌫ ! ⌫

0, we draw a random linker of the triangulation and

merge the two connected nodes at positions r
N

and r

N+1

to the position r

0
N

at their center

of mass. For generating the reverse transition, a random membrane node is drawn at r

0
N

and split in two nodes at random positions r
N

and r

N+1

located at opposing positions on a

sphere shell with center r0
N

and random diameter between the hard-sphere membrane node

diameter d
node

and the maximum linker length l

max

. Subsequently, one of the possible ways

to triangulate the involved neighborhood to the new pair of nodes is selected uniformly

randomly. This procedure corresponds to generation probabilities,

gen(⌫ ! ⌫

0) =
�(r0

N

� 1

2

(r
N

+ r

N+1

))

L

⌫

(S3)

gen(⌫ 0 ! ⌫) =

l

maxR

d

node

⇡R
0

2⇡R
0

p

l

p

�

p

✓

�(r
N

� (r0
N+1

� r̂

l

2

))�(r
N

� (r0
N

+ r̂

l

2

))dld�d✓

N

⌫

0
T

⌫

0
, (S4)

including the total number of membrane linkers L
⌫

in state ⌫, the total number of membrane

nodes N
⌫

0 in state ⌫ 0, and all possible triangulations for the given neighborhood T

⌫

0 in state

⌫

0 . For the creation move (⌫ 0 ! ⌫), the linker length l between the two split nodes as well

as polar and azimuth angle of the linker orientation are drawn randomly according to the

probability density distributions p

l

, p
�

, and p

✓

respectively. For feasible acceptance rates,

we chose p

l

= 1

l

max

�d

node

, p
✓

= 1

2⇡

, and p

�

= 1

2

sin(�), where the latter is realized by inverse

transform sampling, i.e. � = arccos(2u � 1) [9]. This ultimately leads to the acceptance

criteria,

acc(⌫ ! ⌫

0) = min

⇢
1,

d

2

node

L

⌫

z l

2

T

⌫

0
N

⌫

0
exp


�E

⌫

0 � E

⌫

k

B

T

��
(S5)

acc(⌫ 0 ! ⌫) = min

⇢
1,

z l

2

T

⌫

0
N

⌫

0

d

2

node

L

⌫

exp


+
E

⌫

0 � E

⌫

k

B

T

��
, (S6)

J. Weichsel and P.L. Geissler, PLoS Comput Biol 
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Future work: Algorithm implementation
Ø  Algorithm for numerical simulations:

ü  Living Yilaments: 
1.  3D coarse grained particle-based model where each particle 

represents a monomer
2.  Bonding, bending and excluded volume interactions between 

monomers inside a Yilament
3.  Langevin dynamics for the monomers with a second-order-accuracy 

numerical integration scheme
4.  (De)polymerization events with Yixed attempted rates through a 

Monte Carlo scheme
ü  Membrane:

1.  Dynamically triangulated surface with variable connectivity of 
vertices

2.  Membrane Yluctuations reproduced by a grandcanonical Monte 
Carlo scheme

3.  Langevin dynamics for the membrane particles with a second-
order-accuracy numerical integration scheme

ü  Solvent:
1.  Langevin approach for actin and membrane units
2.  Hydrodynamic interactions: neglected






Future work: Investigated quantities 

Ø  Approach: numerically reproduce the phenomenon of 
membrane tubule formation induced by the bundle 
polymerization force 

Ø  Measured quantities: forces, tubule length and number of 
involved Yilaments, for which experimental data are 
available

Ø  Purpose: clarify the mutual role of actin Yilaments and cell 
membrane in the tubule formation
1.  Relationship between protrusion elongation and membrane 

surface tension
2.  Is actin alone sufYicient to induce the Yilopodium growth or are 

other accessory proteins needed to drive cellular shape change?

3.  Is Yilopodium elongation limited by G-actin diffusion? 
4.  …





Thanks for your 
attention! 


