
Fisica degli esopianeti
Cattedra Fermi 2019

Giovanna Tinetti

Tecniche di rivelazione: Microlenti gravitazionali

Cattedri Fermi 2019 – G. Tinetti



Lenti gravitazionali
Caso generale

Cattedri Fermi 2019 – G. Tinetti

⭐ In relatività generale la materia
distorce lo spazio-tempo

⭐ Anche la radiazione è deflessa

⭐ La luce emessa da una sorgente
lontana è curvata dal potenziale
gravitazionale di un oggetto più
vicino (lente)

⭐ L’immagine della sorgente è
distorta e amplificata
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center of the building connecting the main and second
floors is being eliminated; New stairways are being
constructed on either side, leaving the central space
free for exhibits. The main entrance hail will have
new cases for changing exhibits and at the back,
opposite the front door, a group of herring gulls and
common terns on sand dunes at Plymouth harbor.
The lecture room floor is being leveled so that the
room can be used for children's work also. A new
room for study collections is provided in the base-
ment. Exhibits are being rearranged by all the de-
partments with the idea of appealing to the public
rather than of adhering to the purely scientific point
of view. Herpetological exhibits, for instance, will
emphasize life histories and economic value of reptiles
and amphibians; birds are grouped by habitat and
status as residents. New labels to interest the visitor
are being worked out. The museum is closed while
alterations are being made. The date for the reopen-
ing of the building has not yet been set, but it will
probably be early in the coming year.

A COLLECTION of several hundred Californian plants
which has all but encircled the earth is now being
studied in the herbarium of the California Academy
of Sciences in San Francisco. The specimens were
collected in 1840 and 1841 by the Russians in the re-
gion then known as Russian California ("California
boreal. Ross." the labels read) and were sent from
California to the herbarium of the Russian Academy
in St. Petersburg by way of Vladivostok and across
Siberia. These same specimens which have remained
unnamed for nearly a hundred years are being deter-
mined by J. T. Howell at the California Academy of
Sciences after which they will be returned to the her-
barium of the Academy of Sciences in Leningrad. The
plants, which were collected in different parts of the
Russian territory, were obtained by Vosnesensky
("Wosnessensky"), who was in the first party to
climb Mt. St. Helena in the Californian Coast Ranges
north of San Francisco. Fort Ross, the chief Russian
port and settlement on the Californian coast, is about
sixty miles north of San Francisco.

DISCUSSION
LENS-LIKE ACTION OF A STAR BY THE

DEVIATION OF LIGHT IN THE
GRAVITATIONAL FIELD

SOME time ago, R. W. Mandl paid me a visit and
asked me to publish the results of a little calculation,
which I had made at his request. This note complies
with his wish.
The light coming from a star A traverses the gravi-

tational field of another star B, whose radius is BR.
Let there be an observer at a distance D from B and
at a distance x, small compared with D, from the ex-

tended central line AB. According to the general
theory of relativity, let a., be the deviation of the light
ray passing the star B at a distance BR from its center.
For the sake of simplicity, let us assume that AB

is large, compared with the distance D of the observer
from the deviating star B. We also neglect the eclipse
(geometrical obscuration) by the star B, which indeed
is negligible in all practically important cases. To
permit this, D has to be very large compared to the
radius B, of the deviating star.

It follows from the law of deviation that an observer
situated exactly on the extension of the central line
AB will perceive, instead of a point-like star A, a
luminius circle of the angular radius , around the
center of B, where
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It should be noted that this angular diameter ,B does

not decrease like 1/D, but like 1/VD, as the distance
D increases.
Of course, there is no hope of observing this phe-

nomenon directly. First, we shall scarcely ever ap-
proach closely enough to such a central line. Second,
the angle ,B will defy the resolving power of our
instruments. For, axO being of the order of magnitude
of one second of arc, the angle RO/D, under which the
deviating star B is seen, is much smaller. Therefore,
the light coming from the luminous circle can not be
distinguished by an observer as geometrically different
from that coming from the star B, but simply will
manifest itself as increased apparent brightness of B.
The same will happen, if the observer is situated at

a small distance x from the extended central line AB.
But then the observer will see A as two point-like
light-sources, which are deviated from the true geo-
metrical position of A by the angle ,3, approximately.

The apparent brightness of A will be increased by
the lens-like action of the gravitational field of B in
the ratio q. This q will be considerably larger than
unity only if x is so small that the observed positions
of A and B coincide, within the resolving power of our
instruments. Simple geometric considerations lead
to the expression
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If we are interested mainly in the case q a 1, the for-
mula

q =_

is a sufficient approximation, since T2 may be neglected.

Even in the most favorable cases the length 1 is only
a few light-seconds, and x must be small compared
with this, if an appreciable increase of the apparent
brightness of A is to be produced by the lens-like
action of B.

Therefore, there is no great chance of observing
this phenomenon, even if dazzling by the light of the
much nearer star B is disregarded. This apparent
amplification of q by the lens-like action of the star
B is a most curious effect, not so much for its becom-
ing infinite, with x vanishing, but since with increasing
distance D of the observer not only does it not decrease,
but even increases proportionally to VD.

ALBERT EINSTEIN
INSTITUTE FOR ADVANCED STUDY,

PRINCETON, N. J.

PLEISTOCENE MAN IN SOUTHERN
CALIFORNIA

ON the twenty-third of January of this year the
Federal PWA Project, C-642, in an excavation project
to build a storm drain from Los Angeles to the sea,
unearthed what has proved to be a very interesting
and doubtless significant discovery of early man in
America. The chief engineer, Mr. J. J. Ryan, of the
project, called the department of anthropology of the
University of Southern California, Los Angeles, ask-
ing that some one be sent out to the excavation to
examine some bones thought to be human which had
been unearthed on Rancho Cienga O'Paso de la Tijera.
Dr. Bowden, head of the department, and Dr. Lopatin,
instructor in anthropology, went out and examined the
discovery. A skull and other human bones were recov-
ered from a gray sandy clay resting immediately upon
the gravel some thirteen feet below the surface. Dr.
Lopatin was left in charge for about ten days until all
clues for possible cultural material had been examined.
With the help of workers from the project an area of
about 20 feet was carefully excavated under his direc-
tion.

It is thought that these bones and skull belonged to
the same human being, since they were found together
and since the deposit was altogether undisturbed, but-
there was no trace of burial. The skull and bones had
evidently been covered with sandy clay by river de-
posits. The thirteen feet of clay was made up of five
strata which were clearly distinguishable, since the
storm drain runs in an east-west direction along what
is probably the old bed of the Los Angeles River, the
trench thus providing a splendid cross-seetion of the

strata. All the deposits on the walls of this trench
appear to be fairly well bedded, and even to a casual
observer they are very clear. The strata run almost
horizontally, thus making them easy to trace for hun-
dreds of feet. Over these skeletal remains were four
strata. Beginning at bottom the stratum was gravel,
about four feet thick. Over that was a gray clay two
feet thick, which covered the human remains; then
three feet of very dark clay. The fourth stratum from
the bottom was gray clay, three to four feet thick, with
boulders enmeshed. The top stratum was three feet of
yellow clay; no loam soil on top.
For several weeks the site was watched by Dr. Lopa-

tin and the workers, with the hope that other discov-
eries of the kind would be made, and on the thirteenth
of March about one thousand feet from the site where
the human remains were found, several bones of a
large animal were discovered. Four large teeth and
some fragments of tusks came to light in close proxim-
ity to the large bones. For identification, Dr. Thomas
Clements, of the geology department of the University
of Southern California, was called in consultation. He
identified these bones as those of the mammoth (Archi-
diskodon imperator Leidy).
Due to the extended and thorough excavation of the

government project a thorough examination of the
stratification could be made, and it was found that the
mammoth bones were in the same stratum as that of
the human remains and were covered to a depth of
about 12 feet. Likewise there were five strata in-
volved. The bottom, where the mammoth bones were
imbedded, was that of gravel with sand about two
feet thick. The next was yellow clay one foot thick.
Overlying this was about two feet of black clay; then,
less than two feet of peat of good quality. The top
stratum was black soil seven feet thick.
The fact that the human bones and those of the

mammoth were found in the same geological stratum
enabled us to conclude that both the man and mammoth
had lived at approximately the same time, i.e., at the
closing of the Pleistocene Epoch. Dr. Clements, after
thorough examination of the complete stratification
and environment, concluded that the geological stratifi-
cation indicated Pleistocene strata.

All the bones, both of the human and the mammoth,
were in a high state of complete fossilization and heav-
ily coated with rock (sandstone and conglomerate).
The human skull is badly damaged, lacking the entire
facial part; only the posterior portion of the calvaria,
or the brain box, is present. The skull is small in size.
Judging from the state of the sutures of the cranium
vault as well as from its small size and the smoothness
of the external surface of the bones, the authors of this
article came to the conclusion that the skull was that
of a female well advanced in years. For the sake of
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⭐ La curvatura è piccola ed è proporzionale alla dimensione di un buco nero con la massa
della stella lente (raggio di Schwarzchild)

⭐ il Sole ha un raggio di Schwarzschild di ~ 3 km, quello della Terra misura ~ 9 mm

⭐ RS funge da orizzonte degli eventi, per cui la velocità di fuga è = velocità della luce

84 Microlensing

Historical background: The first observational confirmation of general relativistic light bending, based on the 1919 solar
eclipse observed in Brazil, was reported by Dyson et al. (1920). The term ‘lensing’ in the context of light deflection was used,
pejoratively, by Lodge (1919), who argued that ‘it is not permissible to say that the solar gravitational field acts like a lens, for it
has no focal length.’ The term has nevertheless persisted as a description of the phenomenon.

The possibility that gravitational lensing by a foreground object could result in two distinct images of a background star
was pointed out by Eddington (1920). A qualitative description, and the possibility of a ring-shaped image, was suggested
in a short communication by Russian physicist Orest Chwolson (1924) who noted ‘Whether the case of a fictitious double star
actually occurs, I cannot judge.’ The problem was first considered quantitatively by Einstein (1936) and Link (1936). Einstein’s
paper starts ‘Some time ago, R.W. Mandl paid me a visit and asked me to publish the results of a little calculation, which I
had made at his request’. Later he comments ‘Of course, there is no hope of observing this phenomenon directly. First, we
shall scarcely ever approach closely enough to such a central line. Second, [the angles] will defy the resolving power of our
instruments.’ Prescient papers by Zwicky (1937a,b) later argued that ‘extragalactic nebulae offer a much better chance than
stars for the observation of gravitational lens effects.’

After a lapse of almost three decades, the subject was reopened with the independent work of Klimov (1963), Liebes
(1964), and Refsdal (1964). Liebes (1964) first considered gravitational lensing as a method to detect planets around other
stars, concluding that the primary effect would be to ‘slightly perturb the lens action of these stars’. He also considered the
detectability of unbound planet-sized bodies ‘floating about the Galaxy’, but also concluded that the ‘associated pulses would
be so weak and infrequent and of such fleeting duration – perhaps a few hours – as to defy detection’.

Walsh et al. (1979) discovered the first case of strong lensing, a double image of the distant quasar Q0957+561. The dis-
covery marked the start of a substantial body of both theoretical and observational work, and more than a hundred multiple
images of galaxy-lensed systems are now known. Arc-like images of extended galaxies were first reported by Lynds & Petrosian
(1986) and Soucail et al. (1987). Mainly through subsequent HST observations, many examples are now known.

The first incomplete Einstein ring was reported by Hewitt et al. (1988), and a complete example, a little less than 1 arcsec
in diameter around the radio source B1938+666, in which both lens and source are galaxies, was imaged in the near-infrared
by HST–NICMOS (King et al., 1998). Again, dozens of examples of more-or-less complete Einstein rings are now known, both
in the optical, in the near-infrared, and in the radio. Microlensing studies of Galactic structure, and the associated search for
planets, was launched by the work of Paczyński (1986a,b, 1991) and Mao & Paczyński (1991).

For configurations of relevance, a typical source lies
at a distance of ∼8 kpc. In the unlensed state, it is gen-
erally faint or even invisible, and to first order is consid-
ered as a point source of light. Microlensing most effec-
tively probes lens systems some half way to the source,
where the host star (and any accompanying planets)
may also be invisible. It is the time-varying behaviour
of the magnified background star that probes the geom-
etry and mass distribution of the foreground system.

In practice, a characteristically rising light curve of
a given star, out of a large number (of order 107 −
108) being simultaneously monitored, indicates that a
favourable alignment may be developing. In this case,
more intensive photometric monitoring must be initi-
ated to properly sample the crucial diagnostic period of
a possible exoplanet alignment.

The light curve of the background star is the obser-
vational signature of microlensing, and encodes the ge-
ometry and mass distribution of the lens system.

Further background The treatment here focuses on
the concepts necessary to understand the latest micro-
lensing detections of exoplanets. A wider treatment of
gravitational lensing is given in Schneider et al. (2006c)
and, within that volume, on microlensing by Wambs-
ganss (2006). Reviews on microlensing in general in-
clude Paczyński (1996) and Mollerach & Roulet (2002).
Reviews on the planetary aspects have been given as the
subject has developed (e.g. Sackett, 2004; Wambsganss,
2004; Gould, 2005; Gaudi, 2008).

5.2 Description

Light bending Formulae to analyze gravitational lens-
ing were derived by Refsdal (1964), and are subsequently
found in various forms throughout the literature. For the
geometry shown in Figure 5.1, the deflection angle αGR
for a light ray propagating past a lensing mass ML with
impact parameter b is (e.g. Will, 1993)

αGR = 4GML

c2b
= 2RS

b
, (5.1)

on condition that b ≫ RS, where RS is the corresponding
Schwarzschild radius

RS = 2GML/c2 , (5.2)

where G is the gravitational constant and c is the speed
of light. A rigorous solution of the general relativistic
equations of motion for the coupled spacetime and mat-
ter is not required, because the bending of spacetime by
exoplanet systems is always small.

The condition on αGR that a deflected light ray from
the source reaches the observer follows purely from the
trigonometry of Figure 5.1. In the usual approximation
of small angles, with DL and DS signifying the distances
to the lens and source, and DLS = DS −DL (applicable
for a Euclidean metric, i.e. for local events, but not for
lensing over cosmological distances), the angle between
source and lens is

θSDS = DS
DL

b −αGRDLS = DS
DL

b − 2RS
b

DLS . (5.3)

Raggio di Schwarzchild
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⭐ La Galassia lente crea 4 immagini di un quasar distante
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⭐ Effetto di lente gravitazionale
causato da un buco nero
(lente).

⭐ L’immagine di una galassia si
vede sul fondo.

⭐ L’ingradimento massimo
avviene quando la galassia e il
buco nero sono allineati.
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⭐ Sorgente e lente perfettamente
allineate: l’immagine è distorta
lungo l’anello di Einstein

⭐ Sorgente e lente NON allineate:
si creano 2 immagini distinte
della sorgente I+ e I-
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⭐ Sorgente e lente perfettamente allineate: l’immagine è distorta lungo l’anello di Einstein
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84 Microlensing

Historical background: The first observational confirmation of general relativistic light bending, based on the 1919 solar
eclipse observed in Brazil, was reported by Dyson et al. (1920). The term ‘lensing’ in the context of light deflection was used,
pejoratively, by Lodge (1919), who argued that ‘it is not permissible to say that the solar gravitational field acts like a lens, for it
has no focal length.’ The term has nevertheless persisted as a description of the phenomenon.

The possibility that gravitational lensing by a foreground object could result in two distinct images of a background star
was pointed out by Eddington (1920). A qualitative description, and the possibility of a ring-shaped image, was suggested
in a short communication by Russian physicist Orest Chwolson (1924) who noted ‘Whether the case of a fictitious double star
actually occurs, I cannot judge.’ The problem was first considered quantitatively by Einstein (1936) and Link (1936). Einstein’s
paper starts ‘Some time ago, R.W. Mandl paid me a visit and asked me to publish the results of a little calculation, which I
had made at his request’. Later he comments ‘Of course, there is no hope of observing this phenomenon directly. First, we
shall scarcely ever approach closely enough to such a central line. Second, [the angles] will defy the resolving power of our
instruments.’ Prescient papers by Zwicky (1937a,b) later argued that ‘extragalactic nebulae offer a much better chance than
stars for the observation of gravitational lens effects.’

After a lapse of almost three decades, the subject was reopened with the independent work of Klimov (1963), Liebes
(1964), and Refsdal (1964). Liebes (1964) first considered gravitational lensing as a method to detect planets around other
stars, concluding that the primary effect would be to ‘slightly perturb the lens action of these stars’. He also considered the
detectability of unbound planet-sized bodies ‘floating about the Galaxy’, but also concluded that the ‘associated pulses would
be so weak and infrequent and of such fleeting duration – perhaps a few hours – as to defy detection’.

Walsh et al. (1979) discovered the first case of strong lensing, a double image of the distant quasar Q0957+561. The dis-
covery marked the start of a substantial body of both theoretical and observational work, and more than a hundred multiple
images of galaxy-lensed systems are now known. Arc-like images of extended galaxies were first reported by Lynds & Petrosian
(1986) and Soucail et al. (1987). Mainly through subsequent HST observations, many examples are now known.

The first incomplete Einstein ring was reported by Hewitt et al. (1988), and a complete example, a little less than 1 arcsec
in diameter around the radio source B1938+666, in which both lens and source are galaxies, was imaged in the near-infrared
by HST–NICMOS (King et al., 1998). Again, dozens of examples of more-or-less complete Einstein rings are now known, both
in the optical, in the near-infrared, and in the radio. Microlensing studies of Galactic structure, and the associated search for
planets, was launched by the work of Paczyński (1986a,b, 1991) and Mao & Paczyński (1991).

For configurations of relevance, a typical source lies
at a distance of ∼8 kpc. In the unlensed state, it is gen-
erally faint or even invisible, and to first order is consid-
ered as a point source of light. Microlensing most effec-
tively probes lens systems some half way to the source,
where the host star (and any accompanying planets)
may also be invisible. It is the time-varying behaviour
of the magnified background star that probes the geom-
etry and mass distribution of the foreground system.

In practice, a characteristically rising light curve of
a given star, out of a large number (of order 107 −
108) being simultaneously monitored, indicates that a
favourable alignment may be developing. In this case,
more intensive photometric monitoring must be initi-
ated to properly sample the crucial diagnostic period of
a possible exoplanet alignment.

The light curve of the background star is the obser-
vational signature of microlensing, and encodes the ge-
ometry and mass distribution of the lens system.

Further background The treatment here focuses on
the concepts necessary to understand the latest micro-
lensing detections of exoplanets. A wider treatment of
gravitational lensing is given in Schneider et al. (2006c)
and, within that volume, on microlensing by Wambs-
ganss (2006). Reviews on microlensing in general in-
clude Paczyński (1996) and Mollerach & Roulet (2002).
Reviews on the planetary aspects have been given as the
subject has developed (e.g. Sackett, 2004; Wambsganss,
2004; Gould, 2005; Gaudi, 2008).

5.2 Description

Light bending Formulae to analyze gravitational lens-
ing were derived by Refsdal (1964), and are subsequently
found in various forms throughout the literature. For the
geometry shown in Figure 5.1, the deflection angle αGR
for a light ray propagating past a lensing mass ML with
impact parameter b is (e.g. Will, 1993)

αGR = 4GML

c2b
= 2RS

b
, (5.1)

on condition that b ≫ RS, where RS is the corresponding
Schwarzschild radius

RS = 2GML/c2 , (5.2)

where G is the gravitational constant and c is the speed
of light. A rigorous solution of the general relativistic
equations of motion for the coupled spacetime and mat-
ter is not required, because the bending of spacetime by
exoplanet systems is always small.

The condition on αGR that a deflected light ray from
the source reaches the observer follows purely from the
trigonometry of Figure 5.1. In the usual approximation
of small angles, with DL and DS signifying the distances
to the lens and source, and DLS = DS −DL (applicable
for a Euclidean metric, i.e. for local events, but not for
lensing over cosmological distances), the angle between
source and lens is

θSDS = DS
DL

b −αGRDLS = DS
DL

b − 2RS
b

DLS . (5.3)
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in a short communication by Russian physicist Orest Chwolson (1924) who noted ‘Whether the case of a fictitious double star
actually occurs, I cannot judge.’ The problem was first considered quantitatively by Einstein (1936) and Link (1936). Einstein’s
paper starts ‘Some time ago, R.W. Mandl paid me a visit and asked me to publish the results of a little calculation, which I
had made at his request’. Later he comments ‘Of course, there is no hope of observing this phenomenon directly. First, we
shall scarcely ever approach closely enough to such a central line. Second, [the angles] will defy the resolving power of our
instruments.’ Prescient papers by Zwicky (1937a,b) later argued that ‘extragalactic nebulae offer a much better chance than
stars for the observation of gravitational lens effects.’

After a lapse of almost three decades, the subject was reopened with the independent work of Klimov (1963), Liebes
(1964), and Refsdal (1964). Liebes (1964) first considered gravitational lensing as a method to detect planets around other
stars, concluding that the primary effect would be to ‘slightly perturb the lens action of these stars’. He also considered the
detectability of unbound planet-sized bodies ‘floating about the Galaxy’, but also concluded that the ‘associated pulses would
be so weak and infrequent and of such fleeting duration – perhaps a few hours – as to defy detection’.

Walsh et al. (1979) discovered the first case of strong lensing, a double image of the distant quasar Q0957+561. The dis-
covery marked the start of a substantial body of both theoretical and observational work, and more than a hundred multiple
images of galaxy-lensed systems are now known. Arc-like images of extended galaxies were first reported by Lynds & Petrosian
(1986) and Soucail et al. (1987). Mainly through subsequent HST observations, many examples are now known.

The first incomplete Einstein ring was reported by Hewitt et al. (1988), and a complete example, a little less than 1 arcsec
in diameter around the radio source B1938+666, in which both lens and source are galaxies, was imaged in the near-infrared
by HST–NICMOS (King et al., 1998). Again, dozens of examples of more-or-less complete Einstein rings are now known, both
in the optical, in the near-infrared, and in the radio. Microlensing studies of Galactic structure, and the associated search for
planets, was launched by the work of Paczyński (1986a,b, 1991) and Mao & Paczyński (1991).

For configurations of relevance, a typical source lies
at a distance of ∼8 kpc. In the unlensed state, it is gen-
erally faint or even invisible, and to first order is consid-
ered as a point source of light. Microlensing most effec-
tively probes lens systems some half way to the source,
where the host star (and any accompanying planets)
may also be invisible. It is the time-varying behaviour
of the magnified background star that probes the geom-
etry and mass distribution of the foreground system.

In practice, a characteristically rising light curve of
a given star, out of a large number (of order 107 −
108) being simultaneously monitored, indicates that a
favourable alignment may be developing. In this case,
more intensive photometric monitoring must be initi-
ated to properly sample the crucial diagnostic period of
a possible exoplanet alignment.

The light curve of the background star is the obser-
vational signature of microlensing, and encodes the ge-
ometry and mass distribution of the lens system.

Further background The treatment here focuses on
the concepts necessary to understand the latest micro-
lensing detections of exoplanets. A wider treatment of
gravitational lensing is given in Schneider et al. (2006c)
and, within that volume, on microlensing by Wambs-
ganss (2006). Reviews on microlensing in general in-
clude Paczyński (1996) and Mollerach & Roulet (2002).
Reviews on the planetary aspects have been given as the
subject has developed (e.g. Sackett, 2004; Wambsganss,
2004; Gould, 2005; Gaudi, 2008).

5.2 Description

Light bending Formulae to analyze gravitational lens-
ing were derived by Refsdal (1964), and are subsequently
found in various forms throughout the literature. For the
geometry shown in Figure 5.1, the deflection angle αGR
for a light ray propagating past a lensing mass ML with
impact parameter b is (e.g. Will, 1993)

αGR = 4GML

c2b
= 2RS

b
, (5.1)

on condition that b ≫ RS, where RS is the corresponding
Schwarzschild radius

RS = 2GML/c2 , (5.2)

where G is the gravitational constant and c is the speed
of light. A rigorous solution of the general relativistic
equations of motion for the coupled spacetime and mat-
ter is not required, because the bending of spacetime by
exoplanet systems is always small.

The condition on αGR that a deflected light ray from
the source reaches the observer follows purely from the
trigonometry of Figure 5.1. In the usual approximation
of small angles, with DL and DS signifying the distances
to the lens and source, and DLS = DS −DL (applicable
for a Euclidean metric, i.e. for local events, but not for
lensing over cosmological distances), the angle between
source and lens is

θSDS = DS
DL

b −αGRDLS = DS
DL

b − 2RS
b

DLS . (5.3)
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pejoratively, by Lodge (1919), who argued that ‘it is not permissible to say that the solar gravitational field acts like a lens, for it
has no focal length.’ The term has nevertheless persisted as a description of the phenomenon.
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instruments.’ Prescient papers by Zwicky (1937a,b) later argued that ‘extragalactic nebulae offer a much better chance than
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images of galaxy-lensed systems are now known. Arc-like images of extended galaxies were first reported by Lynds & Petrosian
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The first incomplete Einstein ring was reported by Hewitt et al. (1988), and a complete example, a little less than 1 arcsec
in diameter around the radio source B1938+666, in which both lens and source are galaxies, was imaged in the near-infrared
by HST–NICMOS (King et al., 1998). Again, dozens of examples of more-or-less complete Einstein rings are now known, both
in the optical, in the near-infrared, and in the radio. Microlensing studies of Galactic structure, and the associated search for
planets, was launched by the work of Paczyński (1986a,b, 1991) and Mao & Paczyński (1991).
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erally faint or even invisible, and to first order is consid-
ered as a point source of light. Microlensing most effec-
tively probes lens systems some half way to the source,
where the host star (and any accompanying planets)
may also be invisible. It is the time-varying behaviour
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a given star, out of a large number (of order 107 −
108) being simultaneously monitored, indicates that a
favourable alignment may be developing. In this case,
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a possible exoplanet alignment.

The light curve of the background star is the obser-
vational signature of microlensing, and encodes the ge-
ometry and mass distribution of the lens system.

Further background The treatment here focuses on
the concepts necessary to understand the latest micro-
lensing detections of exoplanets. A wider treatment of
gravitational lensing is given in Schneider et al. (2006c)
and, within that volume, on microlensing by Wambs-
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clude Paczyński (1996) and Mollerach & Roulet (2002).
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ing were derived by Refsdal (1964), and are subsequently
found in various forms throughout the literature. For the
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for a light ray propagating past a lensing mass ML with
impact parameter b is (e.g. Will, 1993)
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on condition that b ≫ RS, where RS is the corresponding
Schwarzschild radius
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where G is the gravitational constant and c is the speed
of light. A rigorous solution of the general relativistic
equations of motion for the coupled spacetime and mat-
ter is not required, because the bending of spacetime by
exoplanet systems is always small.

The condition on αGR that a deflected light ray from
the source reaches the observer follows purely from the
trigonometry of Figure 5.1. In the usual approximation
of small angles, with DL and DS signifying the distances
to the lens and source, and DLS = DS −DL (applicable
for a Euclidean metric, i.e. for local events, but not for
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The geometry of a gravitational lens

Einstein ring
From Wikipedia, the free encyclopedia

In observational astronomy an Einstein ring, also known as an Einstein-Chwolson ring or Chwolson ring,
is the deformation of the light from a source (such as a galaxy or star) into a ring through gravitational
lensing of the source's light by an object with an extremely large mass (such as another galaxy or a black
hole).[1][2] This occurs when the source, lens, and observer are all aligned. The first complete Einstein ring,
designated B1938+666, was discovered by collaboration between astronomers at the University of
Manchester and NASA's Hubble Space Telescope in 1998.[3]
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Introduction
Gravitational lensing is predicted by Albert Einstein's theory of general relativity. Instead of light from a
source traveling in a straight line (in three dimensions), it is bent by the presence of a massive body, which
distorts spacetime. An Einstein Ring is a special case of gravitational lensing, caused by the exact alignment
of the source, lens, and observer. This results in a symmetry around the lens, causing a ring-like structure.

The size of an Einstein ring is given by the Einstein radius. In
radians, it is

where

 is the gravitational constant,
 is the mass of the lens,

 is the speed of light,
 is the angular diameter distance to the lens,
 is the angular diameter distance to the source, and

 is the angular diameter distance between the lens and the source.

Note that, over cosmological distances  in general.



Lenti gravitazionali
Anello di Einstein: sorgente-lente sono allineate

Cattedri Fermi 2019 – G. Tinetti

qS = 0;       qI = qE
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b = RE
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pejoratively, by Lodge (1919), who argued that ‘it is not permissible to say that the solar gravitational field acts like a lens, for it
has no focal length.’ The term has nevertheless persisted as a description of the phenomenon.

The possibility that gravitational lensing by a foreground object could result in two distinct images of a background star
was pointed out by Eddington (1920). A qualitative description, and the possibility of a ring-shaped image, was suggested
in a short communication by Russian physicist Orest Chwolson (1924) who noted ‘Whether the case of a fictitious double star
actually occurs, I cannot judge.’ The problem was first considered quantitatively by Einstein (1936) and Link (1936). Einstein’s
paper starts ‘Some time ago, R.W. Mandl paid me a visit and asked me to publish the results of a little calculation, which I
had made at his request’. Later he comments ‘Of course, there is no hope of observing this phenomenon directly. First, we
shall scarcely ever approach closely enough to such a central line. Second, [the angles] will defy the resolving power of our
instruments.’ Prescient papers by Zwicky (1937a,b) later argued that ‘extragalactic nebulae offer a much better chance than
stars for the observation of gravitational lens effects.’

After a lapse of almost three decades, the subject was reopened with the independent work of Klimov (1963), Liebes
(1964), and Refsdal (1964). Liebes (1964) first considered gravitational lensing as a method to detect planets around other
stars, concluding that the primary effect would be to ‘slightly perturb the lens action of these stars’. He also considered the
detectability of unbound planet-sized bodies ‘floating about the Galaxy’, but also concluded that the ‘associated pulses would
be so weak and infrequent and of such fleeting duration – perhaps a few hours – as to defy detection’.

Walsh et al. (1979) discovered the first case of strong lensing, a double image of the distant quasar Q0957+561. The dis-
covery marked the start of a substantial body of both theoretical and observational work, and more than a hundred multiple
images of galaxy-lensed systems are now known. Arc-like images of extended galaxies were first reported by Lynds & Petrosian
(1986) and Soucail et al. (1987). Mainly through subsequent HST observations, many examples are now known.

The first incomplete Einstein ring was reported by Hewitt et al. (1988), and a complete example, a little less than 1 arcsec
in diameter around the radio source B1938+666, in which both lens and source are galaxies, was imaged in the near-infrared
by HST–NICMOS (King et al., 1998). Again, dozens of examples of more-or-less complete Einstein rings are now known, both
in the optical, in the near-infrared, and in the radio. Microlensing studies of Galactic structure, and the associated search for
planets, was launched by the work of Paczyński (1986a,b, 1991) and Mao & Paczyński (1991).

For configurations of relevance, a typical source lies
at a distance of ∼8 kpc. In the unlensed state, it is gen-
erally faint or even invisible, and to first order is consid-
ered as a point source of light. Microlensing most effec-
tively probes lens systems some half way to the source,
where the host star (and any accompanying planets)
may also be invisible. It is the time-varying behaviour
of the magnified background star that probes the geom-
etry and mass distribution of the foreground system.

In practice, a characteristically rising light curve of
a given star, out of a large number (of order 107 −
108) being simultaneously monitored, indicates that a
favourable alignment may be developing. In this case,
more intensive photometric monitoring must be initi-
ated to properly sample the crucial diagnostic period of
a possible exoplanet alignment.

The light curve of the background star is the obser-
vational signature of microlensing, and encodes the ge-
ometry and mass distribution of the lens system.

Further background The treatment here focuses on
the concepts necessary to understand the latest micro-
lensing detections of exoplanets. A wider treatment of
gravitational lensing is given in Schneider et al. (2006c)
and, within that volume, on microlensing by Wambs-
ganss (2006). Reviews on microlensing in general in-
clude Paczyński (1996) and Mollerach & Roulet (2002).
Reviews on the planetary aspects have been given as the
subject has developed (e.g. Sackett, 2004; Wambsganss,
2004; Gould, 2005; Gaudi, 2008).

5.2 Description

Light bending Formulae to analyze gravitational lens-
ing were derived by Refsdal (1964), and are subsequently
found in various forms throughout the literature. For the
geometry shown in Figure 5.1, the deflection angle αGR
for a light ray propagating past a lensing mass ML with
impact parameter b is (e.g. Will, 1993)

αGR = 4GML
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on condition that b ≫ RS, where RS is the corresponding
Schwarzschild radius

RS = 2GML/c2 , (5.2)

where G is the gravitational constant and c is the speed
of light. A rigorous solution of the general relativistic
equations of motion for the coupled spacetime and mat-
ter is not required, because the bending of spacetime by
exoplanet systems is always small.

The condition on αGR that a deflected light ray from
the source reaches the observer follows purely from the
trigonometry of Figure 5.1. In the usual approximation
of small angles, with DL and DS signifying the distances
to the lens and source, and DLS = DS −DL (applicable
for a Euclidean metric, i.e. for local events, but not for
lensing over cosmological distances), the angle between
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eclipse observed in Brazil, was reported by Dyson et al. (1920). The term ‘lensing’ in the context of light deflection was used,
pejoratively, by Lodge (1919), who argued that ‘it is not permissible to say that the solar gravitational field acts like a lens, for it
has no focal length.’ The term has nevertheless persisted as a description of the phenomenon.
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a given star, out of a large number (of order 107 −
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favourable alignment may be developing. In this case,
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a possible exoplanet alignment.

The light curve of the background star is the obser-
vational signature of microlensing, and encodes the ge-
ometry and mass distribution of the lens system.

Further background The treatment here focuses on
the concepts necessary to understand the latest micro-
lensing detections of exoplanets. A wider treatment of
gravitational lensing is given in Schneider et al. (2006c)
and, within that volume, on microlensing by Wambs-
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clude Paczyński (1996) and Mollerach & Roulet (2002).
Reviews on the planetary aspects have been given as the
subject has developed (e.g. Sackett, 2004; Wambsganss,
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5.2 Description

Light bending Formulae to analyze gravitational lens-
ing were derived by Refsdal (1964), and are subsequently
found in various forms throughout the literature. For the
geometry shown in Figure 5.1, the deflection angle αGR
for a light ray propagating past a lensing mass ML with
impact parameter b is (e.g. Will, 1993)
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on condition that b ≫ RS, where RS is the corresponding
Schwarzschild radius

RS = 2GML/c2 , (5.2)

where G is the gravitational constant and c is the speed
of light. A rigorous solution of the general relativistic
equations of motion for the coupled spacetime and mat-
ter is not required, because the bending of spacetime by
exoplanet systems is always small.

The condition on αGR that a deflected light ray from
the source reaches the observer follows purely from the
trigonometry of Figure 5.1. In the usual approximation
of small angles, with DL and DS signifying the distances
to the lens and source, and DLS = DS −DL (applicable
for a Euclidean metric, i.e. for local events, but not for
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Figure 5.1: Lensing schematic for a point mass lens ML at dis-
tance DL, offset by the small angle µS from the direct line from
observer to source. A light ray from the source, passing the lens
at distance b, is deflected by an angleÆGR. An observer sees one
image of the source displaced to angular position µI = b/DL on
the same side as the source, and a second image on the other.

With µI = b/DL denoting the angle between the deflect-
ing mass and the deflected ray, this can be written

µS = µI °2RS
DLS

DLDS

1
µI

. (5.4)

This is a form of the lens equation, which describes the
mapping, in the lens plane, from an image position µI to
the source position µS. Being quadratic in µI, it has two
(image) solutions.

Einstein radius It is convenient to define a character-
istic angle µE, the angular Einstein radius, and a char-
acteristic length scale in the lens plane RE, the (linear)
Einstein radius, given by

µE =
∑

2RS
DLS

DLDS

∏1/2
=

∑
4GML

c2
DLS

DLDS

∏1/2
(5.5)

RE = µEDL =
∑

2RS
DLDLS

DS

∏1/2
. (5.6)

Then the lens equation (Equation 5.4) can be written

µ2
I °µS µI °µ2

E = 0 . (5.7)

This has two solutions

µ+,° = 1
2

≥
µS ±

q
µ2

S +4µ2
E

¥
, (5.8)

showing that the source has two images, one on each
side of the lens (a negative value of µ meaning that the
image is on the other side of the lens from the source).
The angular separation between the two images is

¢µ ¥ µ+°µ° =
q
µ2

S +4µ2
E . (5.9)

In the hypothetical case of perfect observer–lens–source
alignment (µS = 0), the configuration is rotationally
symmetric about the line of sight to the lens, and the two
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Figure 5.2: Schematic of (astrometric and photometric) micro-
lensing. A background source (small grey circles, S) moves be-
hind a foreground lens (L). Here L, and its Einstein radius, are
stationary. S and L along with the two distorted images (I±, in-
side and outside the Einstein radius), and their centroid (Ic) re-
main colinear. As the source moves past the lens, this connect-
ing line rotates by almost 180 ± (here counterclockwise), and
the image centroid follows a correspondingly non-linear path.
Adapted from Paczyński (1996, Figure 3).

images merge to form a ring (an Einstein ring) of angu-
lar radius µE (the Einstein radius). For all other source
positions, one image lies inside µE and one lies outside
(Figure 5.2).

Introducing relevant numerical quantities provides
an estimate of the Einstein radius typical for exoplanet
investigations. Equations 5.5 and 5.6 can be written

µE ' 1.0
µ

ML
MØ

∂ 1
2
µ

DL
8 kpc

∂° 1
2
µ

DLS
DS

∂ 1
2

mas , (5.10)

RE ' 8.1
µ

ML
MØ

∂ 1
2

µ
DS

8 kpc

∂ 1
2

µ
DLDLS

DS

∂ 1
2

AU . (5.11)

The former shows that for a source roughly at the dis-
tance of the Galactic centre (assumed to lie at 8 kpc), and
a lens with ML = MØ half way to the source, typical im-
age separations are of order the Einstein angular radius
µE ª 1 mas. This is well below the angular resolution of
most ground-based instruments; consequently the im-
age separation, and its variation with time, are generally
undetectable. The latter shows that the Einstein radius
for a typical host star is RE ' 4 AU. Being of order of the
orbital radius of planets in the solar system, this is a par-
ticularly fortuitous scale length for probing exoplanets.

Since general relativistic light bending is wavelength
independent, the microlensing light curve is corre-
spondingly achromatic.

Magnification Light deflection in the gravity field
changes both the direction of a light ray and the cross-
section of a bundle of rays. Brightening of the two im-
ages occurs because the flux from each is the product of

The Exoplanet Handbook, ©Michael Perryman (2011): Chapter 5 made available by permission Cambridge University Press

Raggio di Einstein



Lenti gravitazionali
Anello di Einstein: sorgente-lente sono allineate

Cattedri Fermi 2019 – G. Tinetti

Raggio di Einstein

5.2 Description 85

lens
observer

source

image 1 [+]

image 2 [–]

b

DS

DL DLS

θI
θS

αGR

Figure 5.1: Lensing schematic for a point mass lens ML at dis-
tance DL, offset by the small angle µS from the direct line from
observer to source. A light ray from the source, passing the lens
at distance b, is deflected by an angleÆGR. An observer sees one
image of the source displaced to angular position µI = b/DL on
the same side as the source, and a second image on the other.

With µI = b/DL denoting the angle between the deflect-
ing mass and the deflected ray, this can be written

µS = µI °2RS
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. (5.4)

This is a form of the lens equation, which describes the
mapping, in the lens plane, from an image position µI to
the source position µS. Being quadratic in µI, it has two
(image) solutions.

Einstein radius It is convenient to define a character-
istic angle µE, the angular Einstein radius, and a char-
acteristic length scale in the lens plane RE, the (linear)
Einstein radius, given by
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Then the lens equation (Equation 5.4) can be written
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This has two solutions
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showing that the source has two images, one on each
side of the lens (a negative value of µ meaning that the
image is on the other side of the lens from the source).
The angular separation between the two images is

¢µ ¥ µ+°µ° =
q
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S +4µ2
E . (5.9)

In the hypothetical case of perfect observer–lens–source
alignment (µS = 0), the configuration is rotationally
symmetric about the line of sight to the lens, and the two
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Figure 5.2: Schematic of (astrometric and photometric) micro-
lensing. A background source (small grey circles, S) moves be-
hind a foreground lens (L). Here L, and its Einstein radius, are
stationary. S and L along with the two distorted images (I±, in-
side and outside the Einstein radius), and their centroid (Ic) re-
main colinear. As the source moves past the lens, this connect-
ing line rotates by almost 180 ± (here counterclockwise), and
the image centroid follows a correspondingly non-linear path.
Adapted from Paczyński (1996, Figure 3).

images merge to form a ring (an Einstein ring) of angu-
lar radius µE (the Einstein radius). For all other source
positions, one image lies inside µE and one lies outside
(Figure 5.2).

Introducing relevant numerical quantities provides
an estimate of the Einstein radius typical for exoplanet
investigations. Equations 5.5 and 5.6 can be written
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µ

ML
MØ

∂ 1
2
µ

DL
8 kpc

∂° 1
2
µ

DLS
DS

∂ 1
2

mas , (5.10)

RE ' 8.1
µ

ML
MØ

∂ 1
2

µ
DS

8 kpc

∂ 1
2

µ
DLDLS

DS

∂ 1
2

AU . (5.11)

The former shows that for a source roughly at the dis-
tance of the Galactic centre (assumed to lie at 8 kpc), and
a lens with ML = MØ half way to the source, typical im-
age separations are of order the Einstein angular radius
µE ª 1 mas. This is well below the angular resolution of
most ground-based instruments; consequently the im-
age separation, and its variation with time, are generally
undetectable. The latter shows that the Einstein radius
for a typical host star is RE ' 4 AU. Being of order of the
orbital radius of planets in the solar system, this is a par-
ticularly fortuitous scale length for probing exoplanets.

Since general relativistic light bending is wavelength
independent, the microlensing light curve is corre-
spondingly achromatic.

Magnification Light deflection in the gravity field
changes both the direction of a light ray and the cross-
section of a bundle of rays. Brightening of the two im-
ages occurs because the flux from each is the product of
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⭐ Se M = M☉, DL = 4000 parsecs e DS = 8000
parsecs (tipico), θE = 0.001 arcsec

⭐ Osservazioni da terra hanno risoluzione
angolare ~ 0.4 arcsec, 400 volte + grande.

⭐ Visto che θE è così piccolo, non si osserva
normalmente se non in caso di eventi
estremi
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84 Microlensing

Historical background: The first observational confirmation of general relativistic light bending, based on the 1919 solar
eclipse observed in Brazil, was reported by Dyson et al. (1920). The term ‘lensing’ in the context of light deflection was used,
pejoratively, by Lodge (1919), who argued that ‘it is not permissible to say that the solar gravitational field acts like a lens, for it
has no focal length.’ The term has nevertheless persisted as a description of the phenomenon.

The possibility that gravitational lensing by a foreground object could result in two distinct images of a background star
was pointed out by Eddington (1920). A qualitative description, and the possibility of a ring-shaped image, was suggested
in a short communication by Russian physicist Orest Chwolson (1924) who noted ‘Whether the case of a fictitious double star
actually occurs, I cannot judge.’ The problem was first considered quantitatively by Einstein (1936) and Link (1936). Einstein’s
paper starts ‘Some time ago, R.W. Mandl paid me a visit and asked me to publish the results of a little calculation, which I
had made at his request’. Later he comments ‘Of course, there is no hope of observing this phenomenon directly. First, we
shall scarcely ever approach closely enough to such a central line. Second, [the angles] will defy the resolving power of our
instruments.’ Prescient papers by Zwicky (1937a,b) later argued that ‘extragalactic nebulae offer a much better chance than
stars for the observation of gravitational lens effects.’

After a lapse of almost three decades, the subject was reopened with the independent work of Klimov (1963), Liebes
(1964), and Refsdal (1964). Liebes (1964) first considered gravitational lensing as a method to detect planets around other
stars, concluding that the primary effect would be to ‘slightly perturb the lens action of these stars’. He also considered the
detectability of unbound planet-sized bodies ‘floating about the Galaxy’, but also concluded that the ‘associated pulses would
be so weak and infrequent and of such fleeting duration – perhaps a few hours – as to defy detection’.

Walsh et al. (1979) discovered the first case of strong lensing, a double image of the distant quasar Q0957+561. The dis-
covery marked the start of a substantial body of both theoretical and observational work, and more than a hundred multiple
images of galaxy-lensed systems are now known. Arc-like images of extended galaxies were first reported by Lynds & Petrosian
(1986) and Soucail et al. (1987). Mainly through subsequent HST observations, many examples are now known.

The first incomplete Einstein ring was reported by Hewitt et al. (1988), and a complete example, a little less than 1 arcsec
in diameter around the radio source B1938+666, in which both lens and source are galaxies, was imaged in the near-infrared
by HST–NICMOS (King et al., 1998). Again, dozens of examples of more-or-less complete Einstein rings are now known, both
in the optical, in the near-infrared, and in the radio. Microlensing studies of Galactic structure, and the associated search for
planets, was launched by the work of Paczyński (1986a,b, 1991) and Mao & Paczyński (1991).

For configurations of relevance, a typical source lies
at a distance of ∼8 kpc. In the unlensed state, it is gen-
erally faint or even invisible, and to first order is consid-
ered as a point source of light. Microlensing most effec-
tively probes lens systems some half way to the source,
where the host star (and any accompanying planets)
may also be invisible. It is the time-varying behaviour
of the magnified background star that probes the geom-
etry and mass distribution of the foreground system.

In practice, a characteristically rising light curve of
a given star, out of a large number (of order 107 −
108) being simultaneously monitored, indicates that a
favourable alignment may be developing. In this case,
more intensive photometric monitoring must be initi-
ated to properly sample the crucial diagnostic period of
a possible exoplanet alignment.

The light curve of the background star is the obser-
vational signature of microlensing, and encodes the ge-
ometry and mass distribution of the lens system.

Further background The treatment here focuses on
the concepts necessary to understand the latest micro-
lensing detections of exoplanets. A wider treatment of
gravitational lensing is given in Schneider et al. (2006c)
and, within that volume, on microlensing by Wambs-
ganss (2006). Reviews on microlensing in general in-
clude Paczyński (1996) and Mollerach & Roulet (2002).
Reviews on the planetary aspects have been given as the
subject has developed (e.g. Sackett, 2004; Wambsganss,
2004; Gould, 2005; Gaudi, 2008).

5.2 Description

Light bending Formulae to analyze gravitational lens-
ing were derived by Refsdal (1964), and are subsequently
found in various forms throughout the literature. For the
geometry shown in Figure 5.1, the deflection angle αGR
for a light ray propagating past a lensing mass ML with
impact parameter b is (e.g. Will, 1993)

αGR = 4GML

c2b
= 2RS

b
, (5.1)

on condition that b ≫ RS, where RS is the corresponding
Schwarzschild radius

RS = 2GML/c2 , (5.2)

where G is the gravitational constant and c is the speed
of light. A rigorous solution of the general relativistic
equations of motion for the coupled spacetime and mat-
ter is not required, because the bending of spacetime by
exoplanet systems is always small.

The condition on αGR that a deflected light ray from
the source reaches the observer follows purely from the
trigonometry of Figure 5.1. In the usual approximation
of small angles, with DL and DS signifying the distances
to the lens and source, and DLS = DS −DL (applicable
for a Euclidean metric, i.e. for local events, but not for
lensing over cosmological distances), the angle between
source and lens is

θSDS = DS
DL

b −αGRDLS = DS
DL

b − 2RS
b

DLS . (5.3)
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Figure 5.1: Lensing schematic for a point mass lens ML at dis-
tance DL, offset by the small angle µS from the direct line from
observer to source. A light ray from the source, passing the lens
at distance b, is deflected by an angleÆGR. An observer sees one
image of the source displaced to angular position µI = b/DL on
the same side as the source, and a second image on the other.

With µI = b/DL denoting the angle between the deflect-
ing mass and the deflected ray, this can be written

µS = µI °2RS
DLS

DLDS

1
µI

. (5.4)

This is a form of the lens equation, which describes the
mapping, in the lens plane, from an image position µI to
the source position µS. Being quadratic in µI, it has two
(image) solutions.

Einstein radius It is convenient to define a character-
istic angle µE, the angular Einstein radius, and a char-
acteristic length scale in the lens plane RE, the (linear)
Einstein radius, given by

µE =
∑

2RS
DLS

DLDS

∏1/2
=

∑
4GML

c2
DLS

DLDS

∏1/2
(5.5)

RE = µEDL =
∑

2RS
DLDLS

DS

∏1/2
. (5.6)

Then the lens equation (Equation 5.4) can be written

µ2
I °µS µI °µ2

E = 0 . (5.7)

This has two solutions

µ+,° = 1
2

≥
µS ±

q
µ2

S +4µ2
E

¥
, (5.8)

showing that the source has two images, one on each
side of the lens (a negative value of µ meaning that the
image is on the other side of the lens from the source).
The angular separation between the two images is

¢µ ¥ µ+°µ° =
q
µ2

S +4µ2
E . (5.9)

In the hypothetical case of perfect observer–lens–source
alignment (µS = 0), the configuration is rotationally
symmetric about the line of sight to the lens, and the two
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Figure 5.2: Schematic of (astrometric and photometric) micro-
lensing. A background source (small grey circles, S) moves be-
hind a foreground lens (L). Here L, and its Einstein radius, are
stationary. S and L along with the two distorted images (I±, in-
side and outside the Einstein radius), and their centroid (Ic) re-
main colinear. As the source moves past the lens, this connect-
ing line rotates by almost 180 ± (here counterclockwise), and
the image centroid follows a correspondingly non-linear path.
Adapted from Paczyński (1996, Figure 3).

images merge to form a ring (an Einstein ring) of angu-
lar radius µE (the Einstein radius). For all other source
positions, one image lies inside µE and one lies outside
(Figure 5.2).

Introducing relevant numerical quantities provides
an estimate of the Einstein radius typical for exoplanet
investigations. Equations 5.5 and 5.6 can be written

µE ' 1.0
µ

ML
MØ

∂ 1
2
µ

DL
8 kpc

∂° 1
2
µ

DLS
DS

∂ 1
2

mas , (5.10)

RE ' 8.1
µ

ML
MØ

∂ 1
2

µ
DS

8 kpc

∂ 1
2

µ
DLDLS

DS

∂ 1
2

AU . (5.11)

The former shows that for a source roughly at the dis-
tance of the Galactic centre (assumed to lie at 8 kpc), and
a lens with ML = MØ half way to the source, typical im-
age separations are of order the Einstein angular radius
µE ª 1 mas. This is well below the angular resolution of
most ground-based instruments; consequently the im-
age separation, and its variation with time, are generally
undetectable. The latter shows that the Einstein radius
for a typical host star is RE ' 4 AU. Being of order of the
orbital radius of planets in the solar system, this is a par-
ticularly fortuitous scale length for probing exoplanets.

Since general relativistic light bending is wavelength
independent, the microlensing light curve is corre-
spondingly achromatic.

Magnification Light deflection in the gravity field
changes both the direction of a light ray and the cross-
section of a bundle of rays. Brightening of the two im-
ages occurs because the flux from each is the product of
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This is a form of the lens equation, which describes the
mapping, in the lens plane, from an image position µI to
the source position µS. Being quadratic in µI, it has two
(image) solutions.

Einstein radius It is convenient to define a character-
istic angle µE, the angular Einstein radius, and a char-
acteristic length scale in the lens plane RE, the (linear)
Einstein radius, given by

µE =
∑

2RS
DLS

DLDS

∏1/2
=

∑
4GML

c2
DLS

DLDS

∏1/2
(5.5)

RE = µEDL =
∑

2RS
DLDLS

DS

∏1/2
. (5.6)

Then the lens equation (Equation 5.4) can be written

µ2
I °µS µI °µ2

E = 0 . (5.7)

This has two solutions

µ+,° = 1
2

≥
µS ±

q
µ2

S +4µ2
E

¥
, (5.8)

showing that the source has two images, one on each
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hind a foreground lens (L). Here L, and its Einstein radius, are
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images merge to form a ring (an Einstein ring) of angu-
lar radius µE (the Einstein radius). For all other source
positions, one image lies inside µE and one lies outside
(Figure 5.2).

Introducing relevant numerical quantities provides
an estimate of the Einstein radius typical for exoplanet
investigations. Equations 5.5 and 5.6 can be written
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The former shows that for a source roughly at the dis-
tance of the Galactic centre (assumed to lie at 8 kpc), and
a lens with ML = MØ half way to the source, typical im-
age separations are of order the Einstein angular radius
µE ª 1 mas. This is well below the angular resolution of
most ground-based instruments; consequently the im-
age separation, and its variation with time, are generally
undetectable. The latter shows that the Einstein radius
for a typical host star is RE ' 4 AU. Being of order of the
orbital radius of planets in the solar system, this is a par-
ticularly fortuitous scale length for probing exoplanets.

Since general relativistic light bending is wavelength
independent, the microlensing light curve is corre-
spondingly achromatic.

Magnification Light deflection in the gravity field
changes both the direction of a light ray and the cross-
section of a bundle of rays. Brightening of the two im-
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This is a form of the lens equation, which describes the
mapping, in the lens plane, from an image position µI to
the source position µS. Being quadratic in µI, it has two
(image) solutions.
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images merge to form a ring (an Einstein ring) of angu-
lar radius µE (the Einstein radius). For all other source
positions, one image lies inside µE and one lies outside
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The former shows that for a source roughly at the dis-
tance of the Galactic centre (assumed to lie at 8 kpc), and
a lens with ML = MØ half way to the source, typical im-
age separations are of order the Einstein angular radius
µE ª 1 mas. This is well below the angular resolution of
most ground-based instruments; consequently the im-
age separation, and its variation with time, are generally
undetectable. The latter shows that the Einstein radius
for a typical host star is RE ' 4 AU. Being of order of the
orbital radius of planets in the solar system, this is a par-
ticularly fortuitous scale length for probing exoplanets.

Since general relativistic light bending is wavelength
independent, the microlensing light curve is corre-
spondingly achromatic.

Magnification Light deflection in the gravity field
changes both the direction of a light ray and the cross-
section of a bundle of rays. Brightening of the two im-
ages occurs because the flux from each is the product of
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Figure 5.3: Theoretical microlensing light curves for a point
source and single lens, with a constant relative transverse ve-
locity between them. For the geometry depicted in the inset,
the Einstein radius is shown dashed, and a series of trajecto-
ries are shown with their corresponding values of u = µS/µE.
Microlensing events passing close to the projected lens posi-
tion are then highly amplified (Equation 5.15), with the magni-
fication becoming rapidly more pronounced with decreasing u.
Adapted from Paczyński (1996, Figures 4–5).

the (constant) surface brightness of the source and the
(enlarged) solid angle subtended by the distorted image.
The magnification for each image is given by the ratio of
the image area to the source area

A± =
ØØØØ

u±
u

du±
du

ØØØØ . (5.12)

For a Schwarzschild (point mass) lens, and writing the
projected lens–source separation in units of the Einstein
radius

u ¥ µS
µE

, (5.13)

the two images have individual magnifications
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although only the total magnification is observable

A ¥ A++ A° = u2 +2

u
p

u2 +4
(5.15)

' u°1 for u ø 1 (5.16)

' 1 for u ¿ 1 . (5.17)

For perfect observer–lens–source alignment u ! 0, A !
1, and the magnification is then formally infinite. For
the realistic case of a finite source size, and partly be-
cause this diverging condition arises from the simplified
treatment of geometrical optics, the magnification is in
practice always finite.

Several microlensing events with peak values of A >ª
800 have been reported, implying that, experimentally,
a background source of (say) I = 20 mag would be tem-
porarily magnified to reach I ' 13 mag. The highest

Early microlensing surveys: The first microlensing sur-
veys were motivated by the search for evidence of dark
matter in galaxy halos probed by quasars (Gott, 1981;
Paczyński, 1986b). Even for such ‘normal’ microlensing –
that is, before accounting for the still smaller probabilities
of detecting planetary perturbations – the alignment re-
quired for a detectable brightening is so precise that the
chance of substantial microlensing magnification is ex-
tremely small. It is of order ª 10°6 for background stars
even in the denser directions of the Galactic bulge, nearby
Magellanic Clouds, or nearby spiral galaxy M31, even if all
the unseen Galactic dark matter were composed of com-
pact macroscopic objects capable of lensing.

Only since 1993, when massive observational pro-
grammes capable of surveying millions of stars got under-
way, was photometric microlensing observed by the EROS
(Expérience de Recherche d’Objets Sombres, Aubourg et al.
1993), OGLE (Optical Gravitational Microlensing, Udalski
et al. 1993), MACHO (Massive Compact Halo Objects, Al-
cock et al. 1993), DUO (Disk Unseen Objects, Alard 1996),
and MOA (Microlensing Observations in Astrophysics, Mu-
raki et al. 1999) projects. Early reviews of these results were
given by Paczyński (1996) and Gould (1996).

Using the achromatic nature of the microlensing
events to assist distinguishing them from intrinsic source
variability, several thousand microlensing events have now
been detected in the Galaxy (with some 10% showing bi-
nary lens structure), and many individual events and sta-
tistical results have been published.

These impressively vast monitoring programmes have
demonstrated that the excess microlensing seen towards
the Large Magellanic Cloud by the MACHO group (Alcock
et al., 2000) requires at most 20% of the Galaxy’s dark mat-
ter in the form of stellar mass objects, while the results of
the EROS group (Tisserand et al., 2007) suggest that much
of the excess may be caused by stars within the LMC itself.

With the microlensing constraints on dark matter
largely resolved, the emphasis of observations over the last
decade has focused on the detection of exoplanets.

magnification reported to date is ª 3000 in the case of
OGLE–2004–BLG–343 (Dong et al., 2006).

The total magnification varies as a function of time
due to the relative transverse motion between source,
lens, and observer (Figure 5.3). For a given relative trans-
verse velocity between source and lens, v?, a typical
time scale for a lensing event is given by the Einstein ra-
dius crossing time

tE = RE/v? ' 70
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Again, for a source in the bulge (at 8 kpc), and a lens of
1MØ half way to the source, the Einstein time scale for
the resulting microlensing event is ' 35 d.

Equivalently, in angular measure, the Einstein time
scale is related to the (unknown) lens–source relative
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Figure 5.3: Theoretical microlensing light curves for a point
source and single lens, with a constant relative transverse ve-
locity between them. For the geometry depicted in the inset,
the Einstein radius is shown dashed, and a series of trajecto-
ries are shown with their corresponding values of u = µS/µE.
Microlensing events passing close to the projected lens posi-
tion are then highly amplified (Equation 5.15), with the magni-
fication becoming rapidly more pronounced with decreasing u.
Adapted from Paczyński (1996, Figures 4–5).

the (constant) surface brightness of the source and the
(enlarged) solid angle subtended by the distorted image.
The magnification for each image is given by the ratio of
the image area to the source area

A± =
ØØØØ

u±
u

du±
du

ØØØØ . (5.12)

For a Schwarzschild (point mass) lens, and writing the
projected lens–source separation in units of the Einstein
radius

u ¥ µS
µE

, (5.13)

the two images have individual magnifications

A± = 1
2

√
u2 +2

u
p

(u2 +4)
±1

!

, (5.14)

although only the total magnification is observable

A ¥ A++ A° = u2 +2

u
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u2 +4
(5.15)

' u°1 for u ø 1 (5.16)

' 1 for u ¿ 1 . (5.17)

For perfect observer–lens–source alignment u ! 0, A !
1, and the magnification is then formally infinite. For
the realistic case of a finite source size, and partly be-
cause this diverging condition arises from the simplified
treatment of geometrical optics, the magnification is in
practice always finite.

Several microlensing events with peak values of A >ª
800 have been reported, implying that, experimentally,
a background source of (say) I = 20 mag would be tem-
porarily magnified to reach I ' 13 mag. The highest

Early microlensing surveys: The first microlensing sur-
veys were motivated by the search for evidence of dark
matter in galaxy halos probed by quasars (Gott, 1981;
Paczyński, 1986b). Even for such ‘normal’ microlensing –
that is, before accounting for the still smaller probabilities
of detecting planetary perturbations – the alignment re-
quired for a detectable brightening is so precise that the
chance of substantial microlensing magnification is ex-
tremely small. It is of order ª 10°6 for background stars
even in the denser directions of the Galactic bulge, nearby
Magellanic Clouds, or nearby spiral galaxy M31, even if all
the unseen Galactic dark matter were composed of com-
pact macroscopic objects capable of lensing.

Only since 1993, when massive observational pro-
grammes capable of surveying millions of stars got under-
way, was photometric microlensing observed by the EROS
(Expérience de Recherche d’Objets Sombres, Aubourg et al.
1993), OGLE (Optical Gravitational Microlensing, Udalski
et al. 1993), MACHO (Massive Compact Halo Objects, Al-
cock et al. 1993), DUO (Disk Unseen Objects, Alard 1996),
and MOA (Microlensing Observations in Astrophysics, Mu-
raki et al. 1999) projects. Early reviews of these results were
given by Paczyński (1996) and Gould (1996).

Using the achromatic nature of the microlensing
events to assist distinguishing them from intrinsic source
variability, several thousand microlensing events have now
been detected in the Galaxy (with some 10% showing bi-
nary lens structure), and many individual events and sta-
tistical results have been published.

These impressively vast monitoring programmes have
demonstrated that the excess microlensing seen towards
the Large Magellanic Cloud by the MACHO group (Alcock
et al., 2000) requires at most 20% of the Galaxy’s dark mat-
ter in the form of stellar mass objects, while the results of
the EROS group (Tisserand et al., 2007) suggest that much
of the excess may be caused by stars within the LMC itself.

With the microlensing constraints on dark matter
largely resolved, the emphasis of observations over the last
decade has focused on the detection of exoplanets.

magnification reported to date is ª 3000 in the case of
OGLE–2004–BLG–343 (Dong et al., 2006).

The total magnification varies as a function of time
due to the relative transverse motion between source,
lens, and observer (Figure 5.3). For a given relative trans-
verse velocity between source and lens, v?, a typical
time scale for a lensing event is given by the Einstein ra-
dius crossing time
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Again, for a source in the bulge (at 8 kpc), and a lens of
1MØ half way to the source, the Einstein time scale for
the resulting microlensing event is ' 35 d.

Equivalently, in angular measure, the Einstein time
scale is related to the (unknown) lens–source relative
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Figure 5.3: Theoretical microlensing light curves for a point
source and single lens, with a constant relative transverse ve-
locity between them. For the geometry depicted in the inset,
the Einstein radius is shown dashed, and a series of trajecto-
ries are shown with their corresponding values of u = µS/µE.
Microlensing events passing close to the projected lens posi-
tion are then highly amplified (Equation 5.15), with the magni-
fication becoming rapidly more pronounced with decreasing u.
Adapted from Paczyński (1996, Figures 4–5).

the (constant) surface brightness of the source and the
(enlarged) solid angle subtended by the distorted image.
The magnification for each image is given by the ratio of
the image area to the source area

A± =
ØØØØ

u±
u

du±
du

ØØØØ . (5.12)

For a Schwarzschild (point mass) lens, and writing the
projected lens–source separation in units of the Einstein
radius

u ¥ µS
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, (5.13)

the two images have individual magnifications
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although only the total magnification is observable
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' u°1 for u ø 1 (5.16)

' 1 for u ¿ 1 . (5.17)

For perfect observer–lens–source alignment u ! 0, A !
1, and the magnification is then formally infinite. For
the realistic case of a finite source size, and partly be-
cause this diverging condition arises from the simplified
treatment of geometrical optics, the magnification is in
practice always finite.

Several microlensing events with peak values of A >ª
800 have been reported, implying that, experimentally,
a background source of (say) I = 20 mag would be tem-
porarily magnified to reach I ' 13 mag. The highest

Early microlensing surveys: The first microlensing sur-
veys were motivated by the search for evidence of dark
matter in galaxy halos probed by quasars (Gott, 1981;
Paczyński, 1986b). Even for such ‘normal’ microlensing –
that is, before accounting for the still smaller probabilities
of detecting planetary perturbations – the alignment re-
quired for a detectable brightening is so precise that the
chance of substantial microlensing magnification is ex-
tremely small. It is of order ª 10°6 for background stars
even in the denser directions of the Galactic bulge, nearby
Magellanic Clouds, or nearby spiral galaxy M31, even if all
the unseen Galactic dark matter were composed of com-
pact macroscopic objects capable of lensing.

Only since 1993, when massive observational pro-
grammes capable of surveying millions of stars got under-
way, was photometric microlensing observed by the EROS
(Expérience de Recherche d’Objets Sombres, Aubourg et al.
1993), OGLE (Optical Gravitational Microlensing, Udalski
et al. 1993), MACHO (Massive Compact Halo Objects, Al-
cock et al. 1993), DUO (Disk Unseen Objects, Alard 1996),
and MOA (Microlensing Observations in Astrophysics, Mu-
raki et al. 1999) projects. Early reviews of these results were
given by Paczyński (1996) and Gould (1996).

Using the achromatic nature of the microlensing
events to assist distinguishing them from intrinsic source
variability, several thousand microlensing events have now
been detected in the Galaxy (with some 10% showing bi-
nary lens structure), and many individual events and sta-
tistical results have been published.

These impressively vast monitoring programmes have
demonstrated that the excess microlensing seen towards
the Large Magellanic Cloud by the MACHO group (Alcock
et al., 2000) requires at most 20% of the Galaxy’s dark mat-
ter in the form of stellar mass objects, while the results of
the EROS group (Tisserand et al., 2007) suggest that much
of the excess may be caused by stars within the LMC itself.

With the microlensing constraints on dark matter
largely resolved, the emphasis of observations over the last
decade has focused on the detection of exoplanets.

magnification reported to date is ª 3000 in the case of
OGLE–2004–BLG–343 (Dong et al., 2006).

The total magnification varies as a function of time
due to the relative transverse motion between source,
lens, and observer (Figure 5.3). For a given relative trans-
verse velocity between source and lens, v?, a typical
time scale for a lensing event is given by the Einstein ra-
dius crossing time
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Again, for a source in the bulge (at 8 kpc), and a lens of
1MØ half way to the source, the Einstein time scale for
the resulting microlensing event is ' 35 d.

Equivalently, in angular measure, the Einstein time
scale is related to the (unknown) lens–source relative

The Exoplanet Handbook, ©Michael Perryman (2011): Chapter 5 made available by permission Cambridge University Press

86 Microlensing

Time (t/tE) 

M
ag

ni
fic

at
io

n

0

2

4

6

8

10

u = 0.1

u = 0.3

u = 0.5

lens

θΕ

 u = 1.1
0.9
0.7
0.5
0.3
0.1

Einstein radius

0–1 +1

Figure 5.3: Theoretical microlensing light curves for a point
source and single lens, with a constant relative transverse ve-
locity between them. For the geometry depicted in the inset,
the Einstein radius is shown dashed, and a series of trajecto-
ries are shown with their corresponding values of u = µS/µE.
Microlensing events passing close to the projected lens posi-
tion are then highly amplified (Equation 5.15), with the magni-
fication becoming rapidly more pronounced with decreasing u.
Adapted from Paczyński (1996, Figures 4–5).

the (constant) surface brightness of the source and the
(enlarged) solid angle subtended by the distorted image.
The magnification for each image is given by the ratio of
the image area to the source area

A± =
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For a Schwarzschild (point mass) lens, and writing the
projected lens–source separation in units of the Einstein
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the two images have individual magnifications
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although only the total magnification is observable
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For perfect observer–lens–source alignment u ! 0, A !
1, and the magnification is then formally infinite. For
the realistic case of a finite source size, and partly be-
cause this diverging condition arises from the simplified
treatment of geometrical optics, the magnification is in
practice always finite.

Several microlensing events with peak values of A >ª
800 have been reported, implying that, experimentally,
a background source of (say) I = 20 mag would be tem-
porarily magnified to reach I ' 13 mag. The highest

Early microlensing surveys: The first microlensing sur-
veys were motivated by the search for evidence of dark
matter in galaxy halos probed by quasars (Gott, 1981;
Paczyński, 1986b). Even for such ‘normal’ microlensing –
that is, before accounting for the still smaller probabilities
of detecting planetary perturbations – the alignment re-
quired for a detectable brightening is so precise that the
chance of substantial microlensing magnification is ex-
tremely small. It is of order ª 10°6 for background stars
even in the denser directions of the Galactic bulge, nearby
Magellanic Clouds, or nearby spiral galaxy M31, even if all
the unseen Galactic dark matter were composed of com-
pact macroscopic objects capable of lensing.

Only since 1993, when massive observational pro-
grammes capable of surveying millions of stars got under-
way, was photometric microlensing observed by the EROS
(Expérience de Recherche d’Objets Sombres, Aubourg et al.
1993), OGLE (Optical Gravitational Microlensing, Udalski
et al. 1993), MACHO (Massive Compact Halo Objects, Al-
cock et al. 1993), DUO (Disk Unseen Objects, Alard 1996),
and MOA (Microlensing Observations in Astrophysics, Mu-
raki et al. 1999) projects. Early reviews of these results were
given by Paczyński (1996) and Gould (1996).

Using the achromatic nature of the microlensing
events to assist distinguishing them from intrinsic source
variability, several thousand microlensing events have now
been detected in the Galaxy (with some 10% showing bi-
nary lens structure), and many individual events and sta-
tistical results have been published.

These impressively vast monitoring programmes have
demonstrated that the excess microlensing seen towards
the Large Magellanic Cloud by the MACHO group (Alcock
et al., 2000) requires at most 20% of the Galaxy’s dark mat-
ter in the form of stellar mass objects, while the results of
the EROS group (Tisserand et al., 2007) suggest that much
of the excess may be caused by stars within the LMC itself.

With the microlensing constraints on dark matter
largely resolved, the emphasis of observations over the last
decade has focused on the detection of exoplanets.

magnification reported to date is ª 3000 in the case of
OGLE–2004–BLG–343 (Dong et al., 2006).

The total magnification varies as a function of time
due to the relative transverse motion between source,
lens, and observer (Figure 5.3). For a given relative trans-
verse velocity between source and lens, v?, a typical
time scale for a lensing event is given by the Einstein ra-
dius crossing time
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Again, for a source in the bulge (at 8 kpc), and a lens of
1MØ half way to the source, the Einstein time scale for
the resulting microlensing event is ' 35 d.

Equivalently, in angular measure, the Einstein time
scale is related to the (unknown) lens–source relative
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Lente singola: 3 parametri

⭐ Il tempo per attraversare
l’anello di Einstein: tE

⭐ Il tempo t0 (dove u è minimo
e A è massimo)

⭐ La separazione minima u0

5.3 Caustics and critical curves 87

Figure 5.4: Caustics for a planet-to-lens mass ratio q = 0.006 (ª 6MJ/1MØ), generated by inverse ray shooting in the context of
models for OGLE–2005–BLG–71. The primary lens lies at the origin, with the planet along the x-axis with separation d (in units of
µE). Left: d = 0.76; right: for the dual position at d = 1/0.76 = 1.3. Intensity is proportional to logarithmic magnification. Dashed
lines show the model source star track, passing close to the central stellar caustic. Figures provided by Daniel Kubas.

proper motion, µLS, by

tE = µE
µLS

. (5.19)

Single lens Writing the projected lens–source separa-
tion resulting from uniform rectilinear motion as

u =
µ∑

t ° t0

tE

∏2
+u2

0

∂1/2

, (5.20)

shows that a microlensing light curve for a single lensing
event depends upon three parameters (in addition to the
unlensed flux of the background star, which may or may
not be detectable in the absence of microlensing): the
Einstein radius crossing time tE, the time of peak mag-
nification t0 (at which u is a minimum, and A is a max-
imum), and the minimum separation u0, which deter-
mines the peak magnification and also the specific form
of the light curve (Figure 5.3).

Normal (single lens) microlensing events yield only
one physically relevant parameter, the Einstein time
scale, derived from the event duration. As evident from
Equation 5.18 this is a degenerate combination of ML,
DL (or, more strictly for a source at finite distance, the
lens–source relative parallax), and the source–lens rel-
ative transverse velocity v?. If the lens is unseen, its
mass and distance can be determined only in particu-
larly favourable circumstances (§5.4).

Binary lens In a binary lens system with projected
component separation a, the second lens introduces
three further parameters (in addition to tE, t0 and u0):
the mass ratio of the two components, q = Mp/M?; the
projected star–planet separation at the time of the lens-
ing event in units of the Einstein radius for the total
mass, d = a/RE; and the angle of the source trajectory

relative to the binary axis, Æ. The combination leads to a
very wide variety of binary lens light curves. The general
properties of the two-point lens system was explored in
detail by Schneider & Weiss (1986), and the first exam-
ples of binary microlensing light curves were presented
by Mao & Paczyński (1991).

Compared to the smooth light curves of single-lens
microlensing, the existence of a planet can result in ad-
ditional short-duration peaks depending on the way in
which the source path crosses the lens projection (Fig-
ure 5.6). The duration of planetary events typically scale
with q0.5 (Equation 5.18), and last typically less than a
day, compared with a typical primary lens event dura-
tion of 30–40 d. As q decreases, the peak signals become
rarer and briefer: for Earth-mass planets, typical time
scales are only 3–5 h.

5.3 Caustics and critical curves

Regions in the lens plane where the determinant of
the Jacobian matrix of the coordinate transformation
from image to source plane vanishes, and the magni-
fication according to Equation 5.12 is formally infinite,
are termed critical curves. Corresponding points in the
source plane (found from the mapping given by the ap-
propriate lens equation), are termed caustics.1 For a
single point lens, the caustic for any source distance is

1In optics, a caustic is the envelope of light rays reflected or
refracted by a curved surface or object, resulting in concentra-
tions of light. Familiar examples include light shining through a
wine glass onto a tablecloth, or rippling caustics formed when
light shines through waves on the surface of a swimming pool.
The term originates from the Greek for burning, recalling that
such concentrations of sunlight can burn.
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Durata dell’evento per una lente stellare

Microlensing is based on the gravitational lens effect. A massive object (the lens) will bend the light of a
bright background object (the source). This can generate multiple distorted, magnified, and brightened
images of the background source.[7]

Microlensing is caused by the same physical effect as strong lensing and weak lensing, but it is studied using
very different observational techniques. In strong and weak lensing, the mass of the lens is large enough
(mass of a galaxy or a galaxy cluster) that the displacement of light by the lens can be resolved with a high
resolution telescope such as the Hubble Space Telescope. With microlensing, the lens mass is too low (mass
of a planet or a star) for the displacement of light to be observed easily, but the apparent brightening of the
source may still be detected. In such a situation, the lens will pass by the source in a reasonable amount of
time, seconds to years instead of millions of years. As the alignment changes, the source's apparent
brightness changes, and this can be monitored to detect and study the event. Thus, unlike with strong and
weak gravitational lenses, a microlensing event is a transient phenomenon from a human timescale
perspective.[8]

Unlike with strong and weak lensing, no single observation can establish that microlensing is occurring.
Instead, the rise and fall of the source brightness must be monitored over time using photometry. This
function of brightness versus time is known as a light curve. A typical microlensing light curve is shown
below:

A typical microlensing event like this one has a very simple shape, and only one physical parameter can be
extracted: the time scale, which is related to the lens mass, distance, and velocity. There are several effects,
however, that contribute to the shape of more atypical lensing events:

Lens mass distribution. If the lens mass is not concentrated in a single point, the light curve can be
dramatically different, particularly with caustic-crossing events, which may exhibit strong spikes in the
light curve. In microlensing, this can be seen when the lens is a binary star or a planetary system.
Finite source size. In extremely bright or quickly-changing microlensing events, like caustic-crossing
events, the source star cannot be treated as an infinitesimally small point of light: the size of the star's
disk and even limb darkening can modify extreme features.
Parallax. For events lasting for months, the motion of the Earth around the Sun can cause the
alignment to change slightly, affecting the light curve.

Most focus is currently on the more unusual microlensing events, especially those that might lead to the
discovery of extrasolar planets. Although it has not yet been observed, another way to get more information
from microlensing events that may soon be feasible involves measuring the astrometric shifts in the source
position during the course of the event[9] and even resolving the separate images with interferometry.[10]

5.3 Caustics and critical curves 87

Figure 5.4: Caustics for a planet-to-lens mass ratio q = 0.006 (ª 6MJ/1MØ), generated by inverse ray shooting in the context of
models for OGLE–2005–BLG–71. The primary lens lies at the origin, with the planet along the x-axis with separation d (in units of
µE). Left: d = 0.76; right: for the dual position at d = 1/0.76 = 1.3. Intensity is proportional to logarithmic magnification. Dashed
lines show the model source star track, passing close to the central stellar caustic. Figures provided by Daniel Kubas.

proper motion, µLS, by

tE = µE
µLS

. (5.19)

Single lens Writing the projected lens–source separa-
tion resulting from uniform rectilinear motion as

u =
µ∑

t ° t0

tE

∏2
+u2

0

∂1/2

, (5.20)

shows that a microlensing light curve for a single lensing
event depends upon three parameters (in addition to the
unlensed flux of the background star, which may or may
not be detectable in the absence of microlensing): the
Einstein radius crossing time tE, the time of peak mag-
nification t0 (at which u is a minimum, and A is a max-
imum), and the minimum separation u0, which deter-
mines the peak magnification and also the specific form
of the light curve (Figure 5.3).

Normal (single lens) microlensing events yield only
one physically relevant parameter, the Einstein time
scale, derived from the event duration. As evident from
Equation 5.18 this is a degenerate combination of ML,
DL (or, more strictly for a source at finite distance, the
lens–source relative parallax), and the source–lens rel-
ative transverse velocity v?. If the lens is unseen, its
mass and distance can be determined only in particu-
larly favourable circumstances (§5.4).

Binary lens In a binary lens system with projected
component separation a, the second lens introduces
three further parameters (in addition to tE, t0 and u0):
the mass ratio of the two components, q = Mp/M?; the
projected star–planet separation at the time of the lens-
ing event in units of the Einstein radius for the total
mass, d = a/RE; and the angle of the source trajectory

relative to the binary axis, Æ. The combination leads to a
very wide variety of binary lens light curves. The general
properties of the two-point lens system was explored in
detail by Schneider & Weiss (1986), and the first exam-
ples of binary microlensing light curves were presented
by Mao & Paczyński (1991).

Compared to the smooth light curves of single-lens
microlensing, the existence of a planet can result in ad-
ditional short-duration peaks depending on the way in
which the source path crosses the lens projection (Fig-
ure 5.6). The duration of planetary events typically scale
with q0.5 (Equation 5.18), and last typically less than a
day, compared with a typical primary lens event dura-
tion of 30–40 d. As q decreases, the peak signals become
rarer and briefer: for Earth-mass planets, typical time
scales are only 3–5 h.

5.3 Caustics and critical curves

Regions in the lens plane where the determinant of
the Jacobian matrix of the coordinate transformation
from image to source plane vanishes, and the magni-
fication according to Equation 5.12 is formally infinite,
are termed critical curves. Corresponding points in the
source plane (found from the mapping given by the ap-
propriate lens equation), are termed caustics.1 For a
single point lens, the caustic for any source distance is

1In optics, a caustic is the envelope of light rays reflected or
refracted by a curved surface or object, resulting in concentra-
tions of light. Familiar examples include light shining through a
wine glass onto a tablecloth, or rippling caustics formed when
light shines through waves on the surface of a swimming pool.
The term originates from the Greek for burning, recalling that
such concentrations of sunlight can burn.
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Durata dell’evento per una lente stellare

⭐ Per una sorgente a 8 kpc, una lente di massa solare a 4 kpc, tE è ~ 35 giorni

86 Microlensing
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Figure 5.3: Theoretical microlensing light curves for a point
source and single lens, with a constant relative transverse ve-
locity between them. For the geometry depicted in the inset,
the Einstein radius is shown dashed, and a series of trajecto-
ries are shown with their corresponding values of u = µS/µE.
Microlensing events passing close to the projected lens posi-
tion are then highly amplified (Equation 5.15), with the magni-
fication becoming rapidly more pronounced with decreasing u.
Adapted from Paczyński (1996, Figures 4–5).

the (constant) surface brightness of the source and the
(enlarged) solid angle subtended by the distorted image.
The magnification for each image is given by the ratio of
the image area to the source area

A± =
ØØØØ

u±
u

du±
du

ØØØØ . (5.12)

For a Schwarzschild (point mass) lens, and writing the
projected lens–source separation in units of the Einstein
radius

u ¥ µS
µE

, (5.13)

the two images have individual magnifications

A± = 1
2

√
u2 +2

u
p

(u2 +4)
±1

!

, (5.14)

although only the total magnification is observable

A ¥ A++ A° = u2 +2

u
p

u2 +4
(5.15)

' u°1 for u ø 1 (5.16)

' 1 for u ¿ 1 . (5.17)

For perfect observer–lens–source alignment u ! 0, A !
1, and the magnification is then formally infinite. For
the realistic case of a finite source size, and partly be-
cause this diverging condition arises from the simplified
treatment of geometrical optics, the magnification is in
practice always finite.

Several microlensing events with peak values of A >ª
800 have been reported, implying that, experimentally,
a background source of (say) I = 20 mag would be tem-
porarily magnified to reach I ' 13 mag. The highest

Early microlensing surveys: The first microlensing sur-
veys were motivated by the search for evidence of dark
matter in galaxy halos probed by quasars (Gott, 1981;
Paczyński, 1986b). Even for such ‘normal’ microlensing –
that is, before accounting for the still smaller probabilities
of detecting planetary perturbations – the alignment re-
quired for a detectable brightening is so precise that the
chance of substantial microlensing magnification is ex-
tremely small. It is of order ª 10°6 for background stars
even in the denser directions of the Galactic bulge, nearby
Magellanic Clouds, or nearby spiral galaxy M31, even if all
the unseen Galactic dark matter were composed of com-
pact macroscopic objects capable of lensing.

Only since 1993, when massive observational pro-
grammes capable of surveying millions of stars got under-
way, was photometric microlensing observed by the EROS
(Expérience de Recherche d’Objets Sombres, Aubourg et al.
1993), OGLE (Optical Gravitational Microlensing, Udalski
et al. 1993), MACHO (Massive Compact Halo Objects, Al-
cock et al. 1993), DUO (Disk Unseen Objects, Alard 1996),
and MOA (Microlensing Observations in Astrophysics, Mu-
raki et al. 1999) projects. Early reviews of these results were
given by Paczyński (1996) and Gould (1996).

Using the achromatic nature of the microlensing
events to assist distinguishing them from intrinsic source
variability, several thousand microlensing events have now
been detected in the Galaxy (with some 10% showing bi-
nary lens structure), and many individual events and sta-
tistical results have been published.

These impressively vast monitoring programmes have
demonstrated that the excess microlensing seen towards
the Large Magellanic Cloud by the MACHO group (Alcock
et al., 2000) requires at most 20% of the Galaxy’s dark mat-
ter in the form of stellar mass objects, while the results of
the EROS group (Tisserand et al., 2007) suggest that much
of the excess may be caused by stars within the LMC itself.

With the microlensing constraints on dark matter
largely resolved, the emphasis of observations over the last
decade has focused on the detection of exoplanets.

magnification reported to date is ª 3000 in the case of
OGLE–2004–BLG–343 (Dong et al., 2006).

The total magnification varies as a function of time
due to the relative transverse motion between source,
lens, and observer (Figure 5.3). For a given relative trans-
verse velocity between source and lens, v?, a typical
time scale for a lensing event is given by the Einstein ra-
dius crossing time

tE = RE/v? ' 70
µ

ML
MØ

∂ 1
2

µ
DS

8 kpc

∂ 1
2

µ
DLDLS

DS

∂ 1
2

µ
v?

200 kms°1

∂°1
days . (5.18)

Again, for a source in the bulge (at 8 kpc), and a lens of
1MØ half way to the source, the Einstein time scale for
the resulting microlensing event is ' 35 d.

Equivalently, in angular measure, the Einstein time
scale is related to the (unknown) lens–source relative
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Lente binaria: 6 parametri

⭐ Il tempo per attraversare l’anello di Einstein: tE

⭐ Il tempo t0 (dove u è minimo e A è massimo)

⭐ La separazione minima u0

⭐ Il rapporto di massa delle 2 lenti: q = Mp/M*

⭐ La distanza (in proiezione) stella pianeta durante l’evento: d= a/RE

⭐ L’angolo tra la sorgente e la traiettoria della binaria a
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Lente binaria: stella con pianeta
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Lente binaria: stella con pianeta

(a)

(b)

(c)

(d)

(e)

a) Distanza d ~ RE

b) Distanza d >> RE

c) Come b)

d) d << RE
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Lente binaria: stella con pianeta

⭐ Se il pianeta perturba l’immagine minore, l’ampiezza diminuisce

⭐ L’ampiezza aumenta se il pianeta perturba l’immagine maggiore



Caustiche
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Caso generale

⭐ Le caustiche sono soluzioni dell’equazione
di una lente per cui l’ampiezza -> infinito.

⭐ Per una lente singola, la caustica è un
punto singolo a u=0.

⭐ Per lenti binarie, la caustica è una curva
complessa
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Lenti binarie: cuspidi e flessi
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Lenti binarie
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Esempio stella pianeta
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Con tecnica microlenti gravitazionali

Super-terra fredda (~ 50K)
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Mappa pianeti scoperti nella nostra galassia
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One or more bound planets per Milky Way star from
microlensing observations
A. Cassan1,2,3, D. Kubas1,2,4, J.-P. Beaulieu1,2,25, M. Dominik1,5, K. Horne1,5, J. Greenhill1,6, J. Wambsganss1,3, J. Menzies1,7,
A. Williams1,8, U. G. Jørgensen1,9, A. Udalski10,11, D. P. Bennett1,12, M. D. Albrow1,13, V. Batista1,2, S. Brillant1,4, J. A. R. Caldwell1,14,
A. Cole1,6, Ch. Coutures1,2, K. H. Cook1,15, S. Dieters1,6, D. Dominis Prester1,16, J. Donatowicz1,17, P. Fouqué1,18, K. Hill1,6,
N. Kains1,19, S. Kane1,20, J.-B. Marquette1,2, R. Martin1,8, K. R. Pollard1,13, K. C. Sahu1,14, C. Vinter1,9, D. Warren1,6, B. Watson1,6,
M. Zub1,3, T. Sumi21,22, M. K. Szymański10,11, M. Kubiak10,11, R. Poleski10,11, I. Soszynski10,11, K. Ulaczyk10,11, G. Pietrzyński10,11,23

& Ł. Wyrzykowski10,11,24

Most known extrasolar planets (exoplanets) have been discovered
using the radial velocity1,2 or transit3 methods. Both are biased
towards planets that are relatively close to their parent stars, and
studies find that around 17–30% (refs 4, 5) of solar-like stars host a
planet. Gravitational microlensing6–9, on the other hand, probes
planets that are further away from their stars. Recently, a popu-
lation of planets that are unbound or very far from their stars was
discovered by microlensing10. These planets are at least as numerous
as the stars in the Milky Way10. Here we report a statistical analysis of
microlensing data (gathered in 2002–07) that reveals the fraction of
bound planets 0.5–10 AU (Sun–Earth distance) from their stars. We
find that 17z6

{9% of stars host Jupiter-mass planets (0.3–10 MJ, where
MJ 5 318 M› and M› is Earth’s mass). Cool Neptunes (10–30 M›)
and super-Earths (5–10 M›) are even more common: their respec-
tive abundances per star are 52z22

{29% and 62z35
{37%. We conclude that

stars are orbited by planets as a rule, rather than the exception.
Gravitational microlensing is very rare: fewer than one star per

million undergoes a microlensing effect at any time. Until now, the
planet-search strategy7 has been mainly split into two levels. First,
wide-field survey campaigns such as the Optical Gravitational
Lensing Experiment (OGLE; ref. 11) and Microlensing Observations
in Astrophysics (MOA; ref. 12) cover millions of stars every clear night
to identify and alert the community to newly discovered stellar micro-
lensing events as early as possible. Then, follow-up collaborations such
as the Probing Lensing Anomalies Network (PLANET; ref. 13) and the
Microlensing Follow-Up Network (mFUN; refs 14, 15) monitor
selected candidates at a very high rate to search for very short-lived
light curve anomalies, using global networks of telescopes.

To ease the detection-efficiency calculation, the observing strategy
should remain homogeneous for the time span considered in the ana-
lysis. As detailed in the Supplementary Information, this condition is
fulfilled for microlensing events identified by OGLE and followed up by
PLANET in the six-year time span 2002207. Although a number of
microlensing planets were detected by the various collaborations
between 2002 and 2007 (Fig. 1), only a subset of them are consistent

with the PLANET 2002–07 strategy. This leaves us with three compatible
detections: OGLE 2005-BLG-071Lb (refs 16, 17) a Jupiter-like planet of
mass M < 3.8 MJ and semi-major axis a < 3.6 AU; OGLE 2007-BLG-
349Lb (ref. 18), a Neptune-like planet (M < 0.2 MJ, a < 3 AU); and the

1Probing Lensing Anomalies Network (PLANET) Collaboration, Institut d’Astrophysique de Paris, Université Pierre & Marie Curie, UMR7095 UPMC–CNRS 98 bis boulevard Arago, 75014 Paris, France.
2Institut d’Astrophysique de Paris, Université Pierre & Marie Curie, UMR7095 UPMC–CNRS 98 bis boulevard Arago, 75014 Paris, France. 3Astronomischen Rechen-Instituts (ARI), Zentrum für Astronomie,
Heidelberg University, Mönchhofstrasse 12–14, 69120 Heidelberg, Germany. 4European Southern Observatory, Alonso de Cordoba 3107, Vitacura, Casilla 19001, Santiago, Chile. 5Scottish Universities
Physics Alliance (SUPA), University of St Andrews, School of Physics & Astronomy, North Haugh, St Andrews, KY16 9SS, UK. 6University of Tasmania, School of Maths and Physics, Private bag 37, GPO
Hobart, Tasmania 7001, Australia. 7South African Astronomical Observatory, PO Box 9 Observatory7935, South Africa. 8Perth Observatory, Walnut Road, Bickley, Perth 6076, Australia. 9Niels Bohr Institute
and Centre for Star and Planet Formation, Juliane Mariesvej 30, 2100 Copenhagen, Denmark. 10Optical Gravitational Lensing Experiment (OGLE) Collaboration, Warsaw University Observatory, Al.
Ujazdowskie 4, 00-478 Warszawa, Poland. 11Warsaw University Observatory, Al. Ujazdowskie 4, 00-478 Warszawa, Poland. 12University of Notre Dame, Physics Department, 225 Nieuwland Science Hall,
Notre Dame, Indiana 46530, USA. 13University of Canterbury, Department of Physics & Astronomy, Private Bag 4800, Christchurch 8140, New Zealand. 14Space Telescope Science Institute, 3700 San
Martin Drive, Baltimore, Maryland 21218, USA. 15Institute of Geophysics and Planetary Physics, Lawrence Livermore National Laboratory, PO Box 808, California 94550, USA. 16Department of Physics,
University of Rijeka, Omladinska 14, 51000 Rijeka, Croatia. 17Technical University of Vienna, Department of Computing, Wiedner Hauptstrasse 10, 1040 Vienna, Austria. 18Laboratoire Astrophysique de
Toulouse (LATT), Université de Toulouse, CNRS, 31400 Toulouse, France. 19European Southern Observatory Headquarters, Karl-Schwarzschild-Strasse 2, 85748 Garching, Germany. 20NASA Exoplanet
Science Institute, Caltech, MS 100-22, 770 South Wilson Avenue, Pasadena, California 91125, USA. 21Microlensing Observations in Astrophysics (MOA) Collaboration, Department of Earth and Space
Science, Osaka University, Osaka 560-0043, Japan. 22Department of Earth and Space Science, Osaka University, Osaka 560-0043, Japan. 23Universidad de Concepción, Departamento de Fisica, Casilla
160-C, Concepción, Chile. 24Institute of Astronomy, University of Cambridge, Madingley Road, Cambridge CB3 0HA, UK. 25Department of Physics and Astronomy, University College London, Gower Street,
London WC1E 6BT, UK.
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Figure 1 | Survey-sensitivity diagram. Blue contours, expected number of
detections from our survey if all lens stars have exactly one planet with orbit size
a and mass M. Red points, all microlensing planet detections in the time span
2002–07, with error bars (s.d.) reported from the literature. White points,
planets consistent with PLANET observing strategy. Red letters, planets of our
Solar System, marked for comparison: E, Earth; J, Jupiter; S, Saturn; U,Uranus;
N, Neptune. This diagram shows that the sensitivity of our survey extends
roughly from 0.5 AU to 10 AU for planetary orbits, and from 5 M› to 10 MJ. The
majority of all detected planets have masses below that of Saturn, although the
sensitivity of the survey is much lower for such planets than for more massive,
Jupiter-like planets. Low-mass planets are thus found to be much more
common than giant planets.
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Image credit: NASA-JPL

Scoperti con il metodo delle microlenti gravitazionali
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Figure 6
Mass versus semimajor axis scaled to the location of the snow line for known exoplanets. Radial velocity (RV)
detections are indicated by red circles (blue for those also known to be transiting), transit detections are
indicated by light blue triangles if detected from the ground and as purple diamonds if detected from space,
microlensing detections are indicated by green pentagons, direct detections are indicated by magenta
squares, and detections from pulsar timing are indicated by yellow stars. The letters indicate the locations of
the Solar System planets. The blue vertical bar designates the snow line, which we have assumed to be
located at as l = 2.7 AU (M /M⊙). For the pulsar planets, we have assumed an arbitrary host star mass of
1 M⊙. The shaded regions show illustrative estimates of the planet discovery space for various methods and
experiments. This figure highlights the complementarity of the various planet detection techniques: Transit
and radial velocity surveys are generally sensitive to planets interior to the snow line, whereas microlensing
and direct imaging surveys are sensitive to more distant planets beyond the snow line.

or ρ ∼ q 1/2. For clump giant sources in the Bulge, finite source effects inhibit the detection of
planets with mass !5 M ⊕ (Bennett & Rhie 1996). For main-sequence sources (R ∼ R⊙), finite
source effects become important for planets with the mass of Earth, but do not completely render
them undetectable until masses of ∼0.02 M ⊕ ∼ 2 M Moon for main-sequence sources (Bennett &
Rhie 1996, Han et al. 2005). Thus, microlensing is sensitive to Mars mass planets and even planets
a few times the mass of the Moon, for sufficiently small source sizes.

2.6.1.3. Sensitivity to long-period and free-floating planets. Microlensing is most sensitive to
planets with projected (angular) separations at the time of the primary event that are close to θE.
Planets with separations substantially smaller than this are difficult to detect because the magnifi-
cations of the images that are being perturbed are quite small. However, planets with separation
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Reti di telescopi da terra: e.g. MOA, OGLE



ESA Euclid e NASA WFIRST
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1.1 Project History 

The New Worlds, New Horizons report released by the Astronomy and Astrophysics Decadal Survey Board in 2010 
listed the Wide Field Infrared Survey Telescope (WFIRST) as the highest-priority large space mission for the coming 
decade. The scope of this new observatory is intended to encompass a diverse array of science programs: microlensing 
by exoplanets; characterization of the expansion history of and the growth of structure in the Universe by measurements 
of type Ia supernovae, weak lensing, and baryon acoustic oscillations; a Galactic plane survey; and a guest investigator 
program. The recommended baseline for mission concept development was the Joint Dark Energy Mission “Omega” 
design submitted to Astro-2010. As a first step towards implementation of this project, NASA convened a Science 
Definition Team in December 2010, with a charter “…to provide science requirements, investigation approaches, key 
mission parameters, and any other scientific studies needed to support the definition of an optimized space mission 
concept satisfying the goals of the WFIRST mission as outlined by the Astro2010 Decadal Survey.” The interim report 
of the SDT has recently been released and is available at 
http://wfirst.gsfc.nasa.gov/science/WFIRST_IDRM_Report_Final_signed_Rev1.pdf [14]. This interim report is 
the basis for the present paper; the full study is expected to continue through 2012 and the mission design may well 
evolve from what is presented here. 

 

1.2 Microlensing Science Program 

The primary objective of the WFIRST exoplanet science program is to complete the statistical census of planetary 
systems in the Galaxy, from habitable Earth-mass planets to free floating planets, including analogs to all of the planets  

 

Figure 1 The distribution of known exoplanet masses and semi-major axes is compared to the expected final
sensitivity of the Kepler mission and the sensitivity of a 500-day WFIRST Exoplanet survey. Ground based
microlensing planets are show as red circles, radial velocity planets are brown X's, planets discovered via
their transits are blue squares, and planets found by timing and direct imaging are green and magenta
triangles, respectively. The cyan region shows the expected sensitivity of Kepler, and the small darker cyan
squares are Kepler's candidate planets. The purple curve shows the sensitivity of a 500-day WFIRST
exoplanet program, and the dashed "free-floating planets" line indicates the sensitivity limit for free-floating
planets. Some bound planets beyond 10 AU will be discovered without a microlensing signal of their host
stars. 
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Telescopi futuri utili per studio di pianeti con microlensing


