
Fisica degli esopianeti
Cattedra Fermi 2019

Giovanna Tinetti

Tecniche di rivelazione: transito 
parte I

Cattedri Fermi 2019 – G. Tinetti



Transito di Venere

Transito di Venere osservato dal satellite – NAOJ/JAXA 

pRp
2

pR*
2

Cattedri Fermi 2019 – G. Tinetti



Geometria del transito
Transito ed eclisse
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Fig. 1.— Illustration of transits and occultations. Only the combined flux of the star and planet is observed. During a transit, the flux
drops because the planet blocks a fraction of the starlight. Then the flux rises as the planet’s dayside comes into view. The flux drops
again when the planet is occulted by the star.

as well align theX axis with the line of nodes; we place the
descending node of the planet’s orbit along the +X axis,
giving Ω = 180◦.
The distance between the star and planet is given by

equation (20) of the chapter by Murray and Correia:

r =
a(1− e2)

1 + e cos f
, (1)

where a is the semimajor axis of the relative orbit and f
is the true anomaly, an implicit function of time depending
on the orbital eccentricity e and period P (see Section 3 of
the chapter by Murray and Correia). This can be resolved
into Cartesian coordinates using equations (53-55) of the
chapter by Murray and Correia, with Ω = 180◦:

X = −r cos(ω + f), (2)
Y = −r sin(ω + f) cos i, (3)
Z = r sin(ω + f) sin i. (4)

If eclipses occur, they do so when rsky ≡
√
X2 + Y 2 is

a local minimum. Using equations (2-3),

rsky =
a(1 − e2)

1 + e cos f

!

1− sin2(ω + f) sin2 i. (5)

Minimizing this expression leads to lengthy algebra (Kip-
ping 2008). However, an excellent approximation that we
will use throughout this chapter is that eclipses are centered

around conjunctions, which are defined by the condition
X = 0 and may be inferior (planet in front) or superior
(star in front). This gives

ftra = +
π

2
− ω, focc = −

π

2
− ω, (6)

where here and elsewhere in this chapter, “tra” refers to
transits and “occ” to occultations. This approximation is
valid for all cases except extremely eccentric and close-in
orbits with grazing eclipses.
The impact parameter b is the sky-projected distance at

conjunction, in units of the stellar radius:

btra =
a cos i

R⋆

"

1− e2

1 + e sinω

#

, (7)

bocc =
a cos i

R⋆

"

1− e2

1− e sinω

#

. (8)

For the common case R⋆ ≪ a, the planet’s path across
(or behind) the stellar disk is approximately a straight line
between the pointsX = ±R⋆

√
1− b2 at Y = bR⋆.

2.2 Probability of eclipses

Eclipses are seen only by privileged observers who view
a planet’s orbit nearly edge-on. As the planet orbits its star,
its shadow describes a cone that sweeps out a band on the
celestial sphere, as illustrated in Figure 3. A distant ob-
server within the shadow band will see transits. The open-
ing angle of the cone, Θ, satisfies the condition sinΘ =

2
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Probabilità di transito
Transito ed eclisse

Fig. 3.— Calculation of the transit probability. Left.—Transits are visible by observers within the penumbra of the planet, a cone with
opening angleΘ with sinΘ = (R⋆+Rp)/r, where r is the instantaneous star-planet distance. Right.—Close-up showing the penumbra
(thick lines) as well as the antumbra (thin lines) within which the transits are full, as opposed to grazing.

are tangent at four contact times tI–tIV, illustrated in Fig-
ure 2. (In a grazing eclipse, second and third contact do
not occur.) The total duration is Ttot = tIV − tI, the
full duration is Tfull = tIII − tII, the ingress duration is
τing = tII − tI, and the egress duration is τegr = tIV − tIII.
Given a set of orbital parameters, the various eclipse du-

rations can be calculated by setting equation (5) equal to
R⋆ ± Rp to find the true anomaly at the times of contact,
and then integrating equation (44) of the chapter by Murray
and Correia, e.g.,

tIII − tII =
P

2π
√
1− e2

! fIII

fII

"

r(f)

a

#2

df. (13)

For a circular orbit, some useful results are

Ttot ≡ tIV − tI =
P

π
sin−1

$

R⋆

a

%

(1 + k)2 − b2

sin i

&

, (14)

Tfull ≡ tIII − tII =
P

π
sin−1

$

R⋆

a

%

(1 − k)2 − b2

sin i

&

.

(15)
For eccentric orbits, good approximations are obtained by
multiplying equations (14-15) by

Ẋ(fc) [e = 0]

Ẋ(fc)
=

√
1− e2

1± e sinω
, (16)

a dimensionless factor to account for the altered speed of
the planet at conjunction. Here, “+” refers to transits and
“−” to occultations. One must also compute b using the
eccentricity-dependent equations (7-8).
For an eccentric orbit, τing and τegr are generally unequal

because the projected speed of the planet varies between

ingress and egress. In practice the difference is slight; to
leading order in R⋆/a and e,

τe − τi
τe + τi

∼ e cosω

'

R⋆

a

(3
)

1− b2
*3/2

, (17)

which is <10−2 e for a close-in planet with R⋆/a = 0.2,
and even smaller for more distant planets. For this reason
we will use a single symbol τ to represent either the ingress
or egress duration. Another important timescale is T ≡
Ttot − τ , the interval between the halfway points of ingress
and egress (sometimes referred to as contact times 1.5 and
3.5).
In the limits e → 0, Rp ≪ R⋆ ≪ a, and b ≪ 1 − k

(which excludes near-grazing events), the results are greatly
simplified:

T ≈ T0

%

1− b2, τ ≈
Tok√
1− b2

, (18)

where T0 is the characteristic time scale

T0 ≡
R⋆P

πa
≈ 13 hr

'

P

1 yr

(1/3 ' ρ⋆
ρ⊙

(−1/3

. (19)

For eccentric orbits, the additional factor given by equa-
tion (16) should be applied. Note that in deriving equa-
tion (19), we used Kepler’s third law and the approximation
Mp ≪ M⋆ to rewrite the expression in terms of the stel-
lar mean density ρ⋆. This is a hint that eclipse observations
give a direct measure of ρ⋆, a point that is made more ex-
plicit in Section 3.1.

2.4 Loss of light during eclipses

The combined flux F (t) of a planet and star is plotted
in Figure 1. During a transit, the flux drops because the

4

Fig. 2.— Illustration of a transit, showing the coordinate system discussed in Section 2.1, the four contact points and the quantities T
and τ defined in Section 2.3, and the idealized light curve discussed in Section 2.4.

(R⋆ + Rp)/r where r is the instantaneous star-planet dis-
tance. This cone is called the penumbra. There is also an in-
terior cone, the antumbra, defined by sinΘ = (R⋆−Rp)/r,
inside of which the transits are full (non-grazing).
A common situation is that e and ω are known and i is

unknown, as when a planet is discovered via the Doppler
method (see chapter by Lovis and Fischer) but no informa-
tion is available about eclipses. With reference to Figure 3,
the observer’s celestial longitude is specified by ω, but the
latitude is unknown. The transit probability is calculated as
the shadowed fraction of the line of longitude, or more sim-
ply from the requirement |b| < 1+ k, using equations (7-8)
and the knowledge that cos i is uniformly distributed for a
randomly-placed observer. Similar logic applies to occulta-
tions, leading to the results

ptra =

!

R⋆ ±Rp

a

"!

1 + e sinω

1− e2

"

, (9)

pocc =

!

R⋆ ±Rp

a

"!

1− e sinω

1− e2

"

, (10)

where the “+” sign allows grazing eclipses and the “−”
sign excludes them. It is worth committing to memory the
results for the limiting case Rp ≪ R⋆ and e = 0:

ptra = pocc =
R⋆

a
≈ 0.005

!

R⋆

R⊙

"

# a

1 AU

$−1
. (11)

For a circular orbit, transits and occultations always go to-
gether, but for an eccentric orbit it is possible to see transits
without occultations or vice versa.
In other situations, one may want to marginalize over

all possible values of ω, as when forecasting the expected
number of transiting planets to be found in a survey (see
Section 4.1) or other statistical calculations. Here, one can
calculate the solid angle of the entire shadow band and di-
vide by 4π, or average equations (9-10) over ω, giving

ptra = pocc =

!

R⋆ ±Rp

a

"!

1

1− e2

"

. (12)

Suppose you want to find a transiting planet at a particu-
lar orbital distance around a star of a given radius. If a frac-
tion η of stars have such planets, you must search at least
N ≈ (η ptra)−1 stars before expecting to find a transiting
planet. A sample of >200 η−1 Sun-like stars is needed to
find a transiting planet at 1 AU. Close-in giant planets have
an orbital distance of approximately 0.05 AU and η ≈ 0.01,
giving N >103 stars. In practice, many other factors affect
the survey requirements, such as measurement precision,
time sampling, and the need for spectroscopic follow-up
observations (see Section 4.1).

2.3 Duration of eclipses

In a non-grazing eclipse, the stellar and planetary disks

3
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3. THE EQUATIONS AND SOLUTION FOR A LIGHT CURVE WITH TWO OR MORE TRANSITS

3.1. The General System of Equations

There are five equations that completely describe the planet transit light curve. The first three equations (eqs. [1]–[3])
describe the geometry of the transit in terms of transit depth, transit shape, and transit duration (see Fig. 1). For a planet
transit light curve that is due to two spheres passing in front of each other, the geometry is relatively straightforward (see
Sackett 1999 for a derivation of the transit duration eq. [3]). Here we parameterize the transit shape by both tT, the total transit
duration (first to fourth contact), and tF, the duration of the transit completely inside ingress and egress (second to third con-
tact). The three geometrical equations that describe the transit light curve depend on four observables: the period P, the transit
depth DF, tF, and tT. See Figure 1 for an illustrative definition of DF, tF, and tT. In addition to the three geometrical equations,
there are two physical equations (eqs. [4] and [5]), Kepler’s third law and the stellar mass-radius relation. It is these physical
equations that break the degeneracy of the mathematical description of two spheres passing in front of each other, by setting a
physical scale. It is this physical scale, together with the geometrical description, that allows the unique solution.

The equations are as follows: the transit depth, DF, with F defined as the total observed flux,

DF ! Fno transit " Ftransit

Fno transit
¼

Rp

R$

! "2

; ð1Þ

the transit shape, described by the ratio of the duration of the ‘‘ flat part ’’ of the transit (tF) to the total transit duration (tT),

sinðtF!=PÞ
sinðtT!=PÞ

¼
#
1" Rp=R$

$ %& '2" a=R$ð Þ cos i½ (2
(1=2

#
1 þ Rp=R$

$ %& '2" a=R$ð Þ cos i½ (2
(1=2 ; ð2Þ

the total transit duration,

tT ¼ P

!
arcsin

R$
a

1 þ Rp=R$
$ %& '2" a=R$ð Þ cos i½ (2

1" cos2 i

( )1=2
0

@

1

A ; ð3Þ

FΔ

*R

*

t 
t T

F

pR

2 3 41

421 3

bR = a cos i

Fig. 1.—Definition of transit light-curve observables. Two schematic light curves are shown on the bottom (solid and dotted lines), and the corresponding
geometry of the star and planet is shown on the top. Indicated on the solid light curve are the transit depth DF, the total transit duration tT, and the transit
duration between ingress and egress tF (i.e., the ‘‘ flat part ’’ of the transit light curve when the planet is fully superimposed on the parent star). First, second,
third, and fourth contacts are noted for a planet moving from left to right. Also defined areR*,Rp, and impact parameterbcorresponding to orbital inclination
i. Different impact parametersb(or different i) will result in different transit shapes, as shown by the transits corresponding to the solid and dotted lines.
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Kepler’s third law, assuming a circular orbit, whereG is the universal gravitational constant andMpthe planet mass,

P2 ¼ 4!2a3

GðM# þ MpÞ
; ð4Þ

and the stellar mass-radius relation,

R# ¼ kMx
# ; ð5Þ

where k is a constant coefficient for each stellar sequence (main sequence, giants, etc.) and x describes the power law of the
sequence (e.g., x ’ 0:8 for F–Kmain-sequence stars; Cox 2000).

3.2. Analytical Solution

3.2.1. Four Parameters Derivable fromObservables

We ultimately wish to solve for the five unknown parameters M*, R*, a, i, and Rp from the five equations above. It is first
useful to note that four combinations of physical parameters can be found directly from the observables (DF, tT, tF, and P)
using only the first four equations in x 3.1 (the three transit geometry equations and Kepler’s third law with Mp5M#); this
avoids any uncertainty from the stellar mass-radius relation.

The four combinations of parameters are as follows: the planet-star radius ratio, which trivially follows from equation (1),

Rp

R#
¼

ffiffiffiffiffiffiffi
DF

p
; ð6Þ

the impact parameter b, defined as the projected distance between the planet and star centers during midtransit in units of R*
(see Fig. 1), and which can be derived directly from the transit shape equation (2), together with equation (6),

b & a

R#
cos i ¼

"
1 '

ffiffiffiffiffiffiffi
DF

p #2 ' sin2 tF!=Pð Þ= sin2 tT!=Pð Þ
$ %"

1 þ
ffiffiffiffiffiffiffi
DF

p #2

1 ' sin2 tF!=Pð Þ= sin2 tT!=Pð Þ
$ %

( )1=2

; ð7Þ

the ratio a/R*, which can be derived directly from the transit duration equation (3),

a

R#
¼

"
1 þ

ffiffiffiffiffiffiffi
DF

p #2 ' b2 1 ' sin2 tT!=Pð Þ
$ %

sin2 tT!=Pð Þ

( )1=2

; ð8Þ

and the stellar density "*, which can be derived from the above equation for a/R* and Kepler’s third law with Mp5M# (eq.
[4]),

"# & M#
R3#

¼

 
4!2

P2G

! "
1 þ

ffiffiffiffiffiffiffi
DF

p #2 ' b2 1 ' sin2 tT!=Pð Þ
$ %

sin2 tT!=Pð Þ

( )3=2

: ð9Þ

The parameters b and a/R* are dimensionless. The density can be written in units of "( by substituting 4!2=G ¼ 365:252=
2153 day2 M( =R3

( .
It is interesting to consider the geometrical and physical origin of these combinations of parameters. The impact parameter

b depends almost entirely on the transit shape (parameterized by tF/tT) and the ratio of planet and star sizes [ DFð Þ1=2]. To a
lesser extent b depends mildly on the period (see x 3.3.2). The term a/R* is the ratio of orbital semimajor axis to planet radius;
to first order it is related to the ratio of transit duration to total period. The term a/R* is also dependent on the impact parame-
ter b and planet-star size ratio because these parameters affect the transit duration. The stellar density, "*, comes fromKepler’s
third law and the transit duration tT; Kepler’s third law describes how much mass is enclosed inside the planet’s orbit, and the
stellar radius is described by the transit duration with a physical scale set by Kepler’s third law. Again, "* is also dependent on
the impact parameter b and the planet-star size ratio because these parameters affect the transit duration.

3.2.2. The Five Physical Parameters

The five physical parametersR*,M*, i, a, andRpcan be derived from the above solution forRp/R*, b, a/R*, and "* by using
one additional equation: the stellar mass-radius relation (eq. [5]). To derive M*, consider equation (9) together with the
stellar mass-radius relation in the form "#="( & M#=M( R#=R(ð Þ' 3¼ M#=M(ð Þ1' 3x1=k3:

M#
M(

¼ k3
"#
"(

& '1= 1' 3xð Þ
: ð10Þ

The stellar radius can be derived from the stellar mass by the stellar mass-radius relation, or from the density directly,

R#
R(

¼ k
M#
M(

& 'x

¼ k1=x
"#
"(

& 'x=ð1' 3xÞ
; ð11Þ
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Profondità del transito

Fig. 3.— Calculation of the transit probability. Left.—Transits are visible by observers within the penumbra of the planet, a cone with
opening angleΘ with sinΘ = (R⋆+Rp)/r, where r is the instantaneous star-planet distance. Right.—Close-up showing the penumbra
(thick lines) as well as the antumbra (thin lines) within which the transits are full, as opposed to grazing.

are tangent at four contact times tI–tIV, illustrated in Fig-
ure 2. (In a grazing eclipse, second and third contact do
not occur.) The total duration is Ttot = tIV − tI, the
full duration is Tfull = tIII − tII, the ingress duration is
τing = tII − tI, and the egress duration is τegr = tIV − tIII.
Given a set of orbital parameters, the various eclipse du-

rations can be calculated by setting equation (5) equal to
R⋆ ± Rp to find the true anomaly at the times of contact,
and then integrating equation (44) of the chapter by Murray
and Correia, e.g.,

tIII − tII =
P

2π
√
1− e2

! fIII

fII

"

r(f)

a

#2

df. (13)

For a circular orbit, some useful results are

Ttot ≡ tIV − tI =
P

π
sin−1

$

R⋆

a

%

(1 + k)2 − b2

sin i

&

, (14)

Tfull ≡ tIII − tII =
P

π
sin−1

$

R⋆

a

%

(1 − k)2 − b2

sin i

&

.

(15)
For eccentric orbits, good approximations are obtained by
multiplying equations (14-15) by

Ẋ(fc) [e = 0]

Ẋ(fc)
=

√
1− e2

1± e sinω
, (16)

a dimensionless factor to account for the altered speed of
the planet at conjunction. Here, “+” refers to transits and
“−” to occultations. One must also compute b using the
eccentricity-dependent equations (7-8).
For an eccentric orbit, τing and τegr are generally unequal

because the projected speed of the planet varies between

ingress and egress. In practice the difference is slight; to
leading order in R⋆/a and e,

τe − τi
τe + τi

∼ e cosω

'

R⋆

a

(3
)

1− b2
*3/2

, (17)

which is <10−2 e for a close-in planet with R⋆/a = 0.2,
and even smaller for more distant planets. For this reason
we will use a single symbol τ to represent either the ingress
or egress duration. Another important timescale is T ≡
Ttot − τ , the interval between the halfway points of ingress
and egress (sometimes referred to as contact times 1.5 and
3.5).
In the limits e → 0, Rp ≪ R⋆ ≪ a, and b ≪ 1 − k

(which excludes near-grazing events), the results are greatly
simplified:

T ≈ T0

%

1− b2, τ ≈
Tok√
1− b2

, (18)

where T0 is the characteristic time scale

T0 ≡
R⋆P

πa
≈ 13 hr

'

P

1 yr

(1/3 ' ρ⋆
ρ⊙

(−1/3

. (19)

For eccentric orbits, the additional factor given by equa-
tion (16) should be applied. Note that in deriving equa-
tion (19), we used Kepler’s third law and the approximation
Mp ≪ M⋆ to rewrite the expression in terms of the stel-
lar mean density ρ⋆. This is a hint that eclipse observations
give a direct measure of ρ⋆, a point that is made more ex-
plicit in Section 3.1.

2.4 Loss of light during eclipses

The combined flux F (t) of a planet and star is plotted
in Figure 1. During a transit, the flux drops because the
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Fig. 3.— Calculation of the transit probability. Left.—Transits are visible by observers within the penumbra of the planet, a cone with
opening angleΘ with sinΘ = (R⋆+Rp)/r, where r is the instantaneous star-planet distance. Right.—Close-up showing the penumbra
(thick lines) as well as the antumbra (thin lines) within which the transits are full, as opposed to grazing.

are tangent at four contact times tI–tIV, illustrated in Fig-
ure 2. (In a grazing eclipse, second and third contact do
not occur.) The total duration is Ttot = tIV − tI, the
full duration is Tfull = tIII − tII, the ingress duration is
τing = tII − tI, and the egress duration is τegr = tIV − tIII.
Given a set of orbital parameters, the various eclipse du-

rations can be calculated by setting equation (5) equal to
R⋆ ± Rp to find the true anomaly at the times of contact,
and then integrating equation (44) of the chapter by Murray
and Correia, e.g.,
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fII
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For a circular orbit, some useful results are
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&
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&

.

(15)
For eccentric orbits, good approximations are obtained by
multiplying equations (14-15) by
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a dimensionless factor to account for the altered speed of
the planet at conjunction. Here, “+” refers to transits and
“−” to occultations. One must also compute b using the
eccentricity-dependent equations (7-8).
For an eccentric orbit, τing and τegr are generally unequal

because the projected speed of the planet varies between
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which is <10−2 e for a close-in planet with R⋆/a = 0.2,
and even smaller for more distant planets. For this reason
we will use a single symbol τ to represent either the ingress
or egress duration. Another important timescale is T ≡
Ttot − τ , the interval between the halfway points of ingress
and egress (sometimes referred to as contact times 1.5 and
3.5).
In the limits e → 0, Rp ≪ R⋆ ≪ a, and b ≪ 1 − k

(which excludes near-grazing events), the results are greatly
simplified:
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For eccentric orbits, the additional factor given by equa-
tion (16) should be applied. Note that in deriving equa-
tion (19), we used Kepler’s third law and the approximation
Mp ≪ M⋆ to rewrite the expression in terms of the stel-
lar mean density ρ⋆. This is a hint that eclipse observations
give a direct measure of ρ⋆, a point that is made more ex-
plicit in Section 3.1.

2.4 Loss of light during eclipses

The combined flux F (t) of a planet and star is plotted
in Figure 1. During a transit, the flux drops because the
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Fig. 3.— Calculation of the transit probability. Left.—Transits are visible by observers within the penumbra of the planet, a cone with
opening angleΘ with sinΘ = (R⋆+Rp)/r, where r is the instantaneous star-planet distance. Right.—Close-up showing the penumbra
(thick lines) as well as the antumbra (thin lines) within which the transits are full, as opposed to grazing.

are tangent at four contact times tI–tIV, illustrated in Fig-
ure 2. (In a grazing eclipse, second and third contact do
not occur.) The total duration is Ttot = tIV − tI, the
full duration is Tfull = tIII − tII, the ingress duration is
τing = tII − tI, and the egress duration is τegr = tIV − tIII.
Given a set of orbital parameters, the various eclipse du-

rations can be calculated by setting equation (5) equal to
R⋆ ± Rp to find the true anomaly at the times of contact,
and then integrating equation (44) of the chapter by Murray
and Correia, e.g.,
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For eccentric orbits, good approximations are obtained by
multiplying equations (14-15) by

Ẋ(fc) [e = 0]
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a dimensionless factor to account for the altered speed of
the planet at conjunction. Here, “+” refers to transits and
“−” to occultations. One must also compute b using the
eccentricity-dependent equations (7-8).
For an eccentric orbit, τing and τegr are generally unequal

because the projected speed of the planet varies between

ingress and egress. In practice the difference is slight; to
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which is <10−2 e for a close-in planet with R⋆/a = 0.2,
and even smaller for more distant planets. For this reason
we will use a single symbol τ to represent either the ingress
or egress duration. Another important timescale is T ≡
Ttot − τ , the interval between the halfway points of ingress
and egress (sometimes referred to as contact times 1.5 and
3.5).
In the limits e → 0, Rp ≪ R⋆ ≪ a, and b ≪ 1 − k

(which excludes near-grazing events), the results are greatly
simplified:

T ≈ T0
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where T0 is the characteristic time scale

T0 ≡
R⋆P

πa
≈ 13 hr

'

P

1 yr

(1/3 ' ρ⋆
ρ⊙

(−1/3

. (19)

For eccentric orbits, the additional factor given by equa-
tion (16) should be applied. Note that in deriving equa-
tion (19), we used Kepler’s third law and the approximation
Mp ≪ M⋆ to rewrite the expression in terms of the stel-
lar mean density ρ⋆. This is a hint that eclipse observations
give a direct measure of ρ⋆, a point that is made more ex-
plicit in Section 3.1.

2.4 Loss of light during eclipses

The combined flux F (t) of a planet and star is plotted
in Figure 1. During a transit, the flux drops because the

4

Fig. 3.— Calculation of the transit probability. Left.—Transits are visible by observers within the penumbra of the planet, a cone with
opening angleΘ with sinΘ = (R⋆+Rp)/r, where r is the instantaneous star-planet distance. Right.—Close-up showing the penumbra
(thick lines) as well as the antumbra (thin lines) within which the transits are full, as opposed to grazing.

are tangent at four contact times tI–tIV, illustrated in Fig-
ure 2. (In a grazing eclipse, second and third contact do
not occur.) The total duration is Ttot = tIV − tI, the
full duration is Tfull = tIII − tII, the ingress duration is
τing = tII − tI, and the egress duration is τegr = tIV − tIII.
Given a set of orbital parameters, the various eclipse du-

rations can be calculated by setting equation (5) equal to
R⋆ ± Rp to find the true anomaly at the times of contact,
and then integrating equation (44) of the chapter by Murray
and Correia, e.g.,
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For eccentric orbits, good approximations are obtained by
multiplying equations (14-15) by
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Ẋ(fc)
=

√
1− e2

1± e sinω
, (16)

a dimensionless factor to account for the altered speed of
the planet at conjunction. Here, “+” refers to transits and
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For eccentric orbits, the additional factor given by equa-
tion (16) should be applied. Note that in deriving equa-
tion (19), we used Kepler’s third law and the approximation
Mp ≪ M⋆ to rewrite the expression in terms of the stel-
lar mean density ρ⋆. This is a hint that eclipse observations
give a direct measure of ρ⋆, a point that is made more ex-
plicit in Section 3.1.

2.4 Loss of light during eclipses

The combined flux F (t) of a planet and star is plotted
in Figure 1. During a transit, the flux drops because the
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3. THE EQUATIONS AND SOLUTION FOR A LIGHT CURVE WITH TWO OR MORE TRANSITS

3.1. The General System of Equations

There are five equations that completely describe the planet transit light curve. The first three equations (eqs. [1]–[3])
describe the geometry of the transit in terms of transit depth, transit shape, and transit duration (see Fig. 1). For a planet
transit light curve that is due to two spheres passing in front of each other, the geometry is relatively straightforward (see
Sackett 1999 for a derivation of the transit duration eq. [3]). Here we parameterize the transit shape by both tT, the total transit
duration (first to fourth contact), and tF, the duration of the transit completely inside ingress and egress (second to third con-
tact). The three geometrical equations that describe the transit light curve depend on four observables: the period P, the transit
depth DF, tF, and tT. See Figure 1 for an illustrative definition of DF, tF, and tT. In addition to the three geometrical equations,
there are two physical equations (eqs. [4] and [5]), Kepler’s third law and the stellar mass-radius relation. It is these physical
equations that break the degeneracy of the mathematical description of two spheres passing in front of each other, by setting a
physical scale. It is this physical scale, together with the geometrical description, that allows the unique solution.

The equations are as follows: the transit depth, DF, with F defined as the total observed flux,

DF ! Fno transit " Ftransit

Fno transit
¼

Rp

R$

! "2

; ð1Þ

the transit shape, described by the ratio of the duration of the ‘‘ flat part ’’ of the transit (tF) to the total transit duration (tT),

sinðtF!=PÞ
sinðtT!=PÞ

¼
#
1" Rp=R$

$ %& '2" a=R$ð Þ cos i½ (2
(1=2

#
1 þ Rp=R$

$ %& '2" a=R$ð Þ cos i½ (2
(1=2 ; ð2Þ

the total transit duration,

tT ¼ P

!
arcsin

R$
a

1 þ Rp=R$
$ %& '2" a=R$ð Þ cos i½ (2

1" cos2 i

( )1=2
0

@

1

A ; ð3Þ

FΔ

*R

*

t 
t T

F

pR

2 3 41

421 3

bR = a cos i

Fig. 1.—Definition of transit light-curve observables. Two schematic light curves are shown on the bottom (solid and dotted lines), and the corresponding
geometry of the star and planet is shown on the top. Indicated on the solid light curve are the transit depth DF, the total transit duration tT, and the transit
duration between ingress and egress tF (i.e., the ‘‘ flat part ’’ of the transit light curve when the planet is fully superimposed on the parent star). First, second,
third, and fourth contacts are noted for a planet moving from left to right. Also defined areR*,Rp, and impact parameterbcorresponding to orbital inclination
i. Different impact parametersb(or different i) will result in different transit shapes, as shown by the transits corresponding to the solid and dotted lines.
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Kepler’s third law, assuming a circular orbit, whereG is the universal gravitational constant andMpthe planet mass,

P2 ¼ 4!2a3

GðM# þ MpÞ
; ð4Þ

and the stellar mass-radius relation,

R# ¼ kMx
# ; ð5Þ

where k is a constant coefficient for each stellar sequence (main sequence, giants, etc.) and x describes the power law of the
sequence (e.g., x ’ 0:8 for F–Kmain-sequence stars; Cox 2000).

3.2. Analytical Solution

3.2.1. Four Parameters Derivable fromObservables

We ultimately wish to solve for the five unknown parameters M*, R*, a, i, and Rp from the five equations above. It is first
useful to note that four combinations of physical parameters can be found directly from the observables (DF, tT, tF, and P)
using only the first four equations in x 3.1 (the three transit geometry equations and Kepler’s third law with Mp5M#); this
avoids any uncertainty from the stellar mass-radius relation.

The four combinations of parameters are as follows: the planet-star radius ratio, which trivially follows from equation (1),

Rp

R#
¼

ffiffiffiffiffiffiffi
DF

p
; ð6Þ

the impact parameter b, defined as the projected distance between the planet and star centers during midtransit in units of R*
(see Fig. 1), and which can be derived directly from the transit shape equation (2), together with equation (6),

b & a

R#
cos i ¼

"
1 '

ffiffiffiffiffiffiffi
DF

p #2 ' sin2 tF!=Pð Þ= sin2 tT!=Pð Þ
$ %"

1 þ
ffiffiffiffiffiffiffi
DF

p #2

1 ' sin2 tF!=Pð Þ= sin2 tT!=Pð Þ
$ %

( )1=2

; ð7Þ

the ratio a/R*, which can be derived directly from the transit duration equation (3),

a

R#
¼

"
1 þ

ffiffiffiffiffiffiffi
DF

p #2 ' b2 1 ' sin2 tT!=Pð Þ
$ %

sin2 tT!=Pð Þ

( )1=2

; ð8Þ

and the stellar density "*, which can be derived from the above equation for a/R* and Kepler’s third law with Mp5M# (eq.
[4]),

"# & M#
R3#

¼

 
4!2

P2G

! "
1 þ

ffiffiffiffiffiffiffi
DF

p #2 ' b2 1 ' sin2 tT!=Pð Þ
$ %

sin2 tT!=Pð Þ

( )3=2

: ð9Þ

The parameters b and a/R* are dimensionless. The density can be written in units of "( by substituting 4!2=G ¼ 365:252=
2153 day2 M( =R3

( .
It is interesting to consider the geometrical and physical origin of these combinations of parameters. The impact parameter

b depends almost entirely on the transit shape (parameterized by tF/tT) and the ratio of planet and star sizes [ DFð Þ1=2]. To a
lesser extent b depends mildly on the period (see x 3.3.2). The term a/R* is the ratio of orbital semimajor axis to planet radius;
to first order it is related to the ratio of transit duration to total period. The term a/R* is also dependent on the impact parame-
ter b and planet-star size ratio because these parameters affect the transit duration. The stellar density, "*, comes fromKepler’s
third law and the transit duration tT; Kepler’s third law describes how much mass is enclosed inside the planet’s orbit, and the
stellar radius is described by the transit duration with a physical scale set by Kepler’s third law. Again, "* is also dependent on
the impact parameter b and the planet-star size ratio because these parameters affect the transit duration.

3.2.2. The Five Physical Parameters

The five physical parametersR*,M*, i, a, andRpcan be derived from the above solution forRp/R*, b, a/R*, and "* by using
one additional equation: the stellar mass-radius relation (eq. [5]). To derive M*, consider equation (9) together with the
stellar mass-radius relation in the form "#="( & M#=M( R#=R(ð Þ' 3¼ M#=M(ð Þ1' 3x1=k3:

M#
M(

¼ k3
"#
"(

& '1= 1' 3xð Þ
: ð10Þ

The stellar radius can be derived from the stellar mass by the stellar mass-radius relation, or from the density directly,

R#
R(

¼ k
M#
M(

& 'x

¼ k1=x
"#
"(

& 'x=ð1' 3xÞ
; ð11Þ
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the orbital radius a can be derived fromM* and fromKepler’s third law withMp5M!,

a ¼ P2GM!
4!2

! "1=3

; ð12Þ

based on the definition of impact parameter (eq. [7]), the orbital inclination is

i ¼ cos% 1 b
R!
a

! "
; ð13Þ

andmost importantly, the planetary radius is

Rp

R&
¼ R!

R&

ffiffiffiffiffiffiffi
DF

p
¼ k1=x

"!
"&

! "x=ð1% 3xÞ ffiffiffiffiffiffiffi
DF

p
: ð14Þ

For main-sequence stars k ¼ 1 and x ' 0:8, in which caseRp=R& ¼ "!="&ð Þ% 0:57 DFð Þ1=2.

3.3. The Simplified Set of Equations and Their Solution

The equations and five-parameter solution take on a simpler form under the assumptionR!5 a. This assumption is equiva-
lent to tT!=P5 1 (from eq. [8]) and has as its consequence cos i5 1 (from eq. [13]). Systems we are interested in generally have
tT!=P < 0:15 and likely tT!=Pd0:1 (or R!=ae1

8). Mathematically this assumption allows arcsin x ' x and sin x ' x. Under
this approximation, sin tF!=Pð Þ= sin tT!=Pð Þ ' tF=tT . A comparison of these two terms is shown in Figure 2a; for cases of
interest the terms agree to better than 4% and much better in most cases. Under the approximation tT!=P5 1, a second term
of interest arises, 1 % sin2ðtT!=PÞ ' 1. A comparison of this term as a function of tT!/P (Fig. 2b) shows agreement to better
than 2.5% for cases of interest. The simplified solution will allow us to explore useful applications analytically in x 5.

3.3.1. The Simplified Equations

Under the approximations tT!=P5 1, the transit shape (eq. [2]) with sin x ' x becomes independent of P,

tF
tT

! "2

¼
ð1 % Rp=R!Þ2 % a=R!ð Þ cos i½ )2

ð1 þ Rp=R!Þ2 % a=R!ð Þ cos i½ )2
; ð15Þ

Fig. 2.—Validity of the approximation tTP=!5 1 (or equivalently R!5 a). This approximation allows sin tTP=!ð Þ ' tTP=!. (a) Term of interest
sinðtF!=PÞ= sinðtT!=PÞ is reasonably well approximated by tF/tT. The different lines correspond to different values of tT!/P: 0.05 (solid line), 0.1 (dotted line),
0.15 (short-dashed line), and 0.2 (long-dashed line). (b) Term of interest 1 % sin2ðtT!=PÞ compared to its value, 1, under the approximation tTP=!5 1. The
short-period planet transit systems of interest will have tT!=P < 0:15 and usually tT!=Pd0:1.
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Seager & Mallén-Ornelas (2003); Kipping (2008)

and the total transit duration (eq. [3]) with cos i5 1 becomes

tT ¼ PR"
!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 þ Rp

R"

" #2

$ a

R"
cos i

" #2
s

: ð16Þ

The other three equations for transit depth (eq. [1]), Kepler’s third law (eq. [4]), and the mass-radius relation (eq. [5]) remain
the same as in the exact solution. Note that by substituting b¼ a=R"ð Þ cos i and DFð Þ1=2¼ Rp=R" the above equations take a
very simple form.

3.3.2. The Simplified Analytical Solution

The solution to the simplified equations is more useful than the exact solution for considering the general properties of light
curves because P either cancels out of the solution or is a simple factor that can cancel out in parameter ratios. The impact
parameterb(eq. [7]), under the approximation tT!=P5 1, becomes

b¼
1 $

ffiffiffiffiffiffiffi
DF

p$ %2
$ tF=tTð Þ2 1 þ

ffiffiffiffiffiffiffi
DF

p$ %2

1 $ tF=tTð Þ2

2

64

3

75

1=2

; ð17Þ

the ratio a/R* (eq. [8]) becomes

a

R"
¼ 2P

!

DF 1=4

t2T $ t2F
& '1=2 ; ð18Þ

and the stellar density "* (eq. [9]) becomes

"" ¼ 32

G!
P

DF3=4

t2T $ t2F
& '3=2 : ð19Þ

Note that "" can be written in units of "' for P, tF, and tT in days, with the first factor on the right-hand side of equation (19)
written as 32=G! ¼ 3:46 ( 10$ 3 day2 M' =R3

' . The equation for Rp/R* (eq. [6]) clearly remains the same as in the nonsimpli-
fied case. The stellar mass, stellar radius, orbital semimajor axis, orbital inclination, and planet radius can be derived as before
with equations (10)–(14).

4. ERRORS

In principle, the unique solution of "* and of the parametersM*,R*, i, a, andRp provides a powerful tool for understanding
the transit light curve and more importantly for selecting the best transit candidates for radial velocity follow-up. In practice,
the usefulness of the unique solution is limited by errors caused by the limited photometric precision and time sampling of real
data. The errors in the star-planet parameters are very non-Gaussian and often correlated, so a simulation is necessary in order
to estimate errors. To compute the errors as a function of photometric precision and time sampling, we generated 1000 simu-
lated two-transit light curves with added Gaussian noise in the photometry for each of several combinations of photometric
precision (#) and time sampling ($t). We considered values of # of 0.0025, 0.005, 0.01, and 0.015 mag and values of $t of 2.7, 6,
and 12 minutes. Note that the shortest time sampling and highest photometric precision are reachable by current transit sur-
veys (e.g., Mallén-Ornelas et al. 2003). We then fitted the simulated transits for period, phase, depth, impact parameter, and
stellar density with a %2 minimization fit. Additionally we solved for the planet radius using the main-sequence stellar mass-
radius relation with x ¼ 0:8. For specificity we chose a star-planet model of P ¼ 3:0 days,M" ¼ M' ,R" ¼ R' , and DF ¼ 2%
(hence Rp ¼ 0:14 R' ¼ 1:45 RJ). Limb darkening was not included (see x 6). We considered models with two different impact
parameters (b¼ 0:2, which corresponds to tF=tT ¼ 0:74, and b¼ 0:7, which corresponds to tF=tT ¼ 0:55) because the errors
are very sensitive to impact parameter of the input transit. Although for specificity we have focused on a single model (with
two different impact parameters), for the purpose of error estimates changing tT (by a change in P, DF, and a; see eq. [3] or eq.
[16]) is equivalent to a linear change in time sampling, and changing DF (by a change in Rp or R*; see eq. [1]) is equivalent to a
linear change in photometric precision. Thus, errors in parameters from other models can be considered using the same com-
putational results. Here we focus on the two most interesting parameters, "*, which can tell us if the star is on or close to the
main sequence, andRp, an obvious quantity of interest for selecting the best planet candidates.

The errors in "* and Rp are dominated by errors in the impact parameter b, which we discuss first. Figure 3 shows that for a
given DF there is a one-to-one correspondence between the impact parameter band the transit shape as parameterized by
tF/tT; this one-to-one correspondence is one of the reasons for the existence of the unique solution. For ‘‘ box-shaped ’’ transits
with large values of tF/tT, a small change in tF/tT can result in a very large change inb, making it difficult to derive baccurately
from box-shaped transit light curves. This is not the case for transits with small tF/tT (i.e., with very long ingress/egress times),
wherebchanges little even for a relatively large change in tF/tT. In the case of noisy data,bwill be underestimated as a result of
asymmetric errors resulting from the nonlinear relation between band tF/tT. An underestimate in bcorresponds to an over-
estimate in "* and an underestimate inR* andRp.
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The Astrophysical Journal, 746:45 (16pp), 2012 February 10 Tessenyi et al.

Table 2
Cross-section σ∗ = πR2

∗ for Different Stellar Types and Corresponding κ Values
for the Three Planet Sizes Considered: Jupiter-like, Neptune-like, and Super-Earth

Star Type Temperature Radius σ∗ κJup. κNept. κSE
(K) (R⊙) (σ⊙) (κJ ) (κJ ) (κJ )

F3V 6740 K 1.56 σF3 ∼ 2.4 ∼0.5 ∼0.05 ∼0.01
G2V 5800 K 1 σG = σ⊙ 1 ∼0.1 ∼0.02
K1V 4980 K 0.8 σK1 ∼ 0.6 ∼2 ∼0.2 ∼0.03
M1.5V 3582 K 0.42 σM1.5 ∼ 0.18 ∼6 ∼0.7 ∼0.1
M3.5V 3376 K 0.26 σM3.5 ∼ 0.07 ∼15 ∼2 ∼0.3
M4.5V 3151 K 0.17 σM4.5 ∼ 0.03 ∼35 ∼4 ∼0.7
M6V 2812 K 0.12 σM6 ∼ 0.01 ∼70 ∼9 ∼2

Notes. The reader can note that super-Earths in the orbit of late M stars have a similar ratio κ to a Jupiter in the orbit of a
Sun-like star.

Table 3
Primary/Secondary Eclipse Flux Ratio for Key Examples

of the Planetary Classes Listed in Table 1

Star Jupiter Neptune Super-Earth
(K) M2.5V M4V

Hot 0.18 0.98 0.3/0.09
Warm 0.42 2.17 0.7/0.2
HZ 0.9 10.4 1.2/0.3

Notes. Numbers > 1 indicate that the primary transit is more favorable than the
secondary, while numbers < 1 indicate the opposite. The results are obtained by
dividing the atmospheric signals calculated from Equations (3) and (5), taken
at ∼10 µm for all presented cases. For the super-Earth we report two values: a
case of an “ocean planet” (1.8 R⊕; Grasset et al. 2009) with water vapor being
the main component of the planetary atmosphere, and a telluric planet with CO2
as the main atmospheric component (1.6 R⊕). In the habitable zone, the ratio
for the latter case is less favorable, with 0.3 excluding the possibility of primary
transit studies. By contrast, for an “ocean planet,” the ratio of 1.2 is similar to
the ratio for the habitable-zone Jupiter-like planet.

and/or reflected by the planet in units of stellar flux,

FII(λ) =
!

Rp

R⋆

"2 Fp(λ)
F⋆(λ)

= κ
Fp(λ)
F⋆(λ)

, (5)

where Fp and F⋆ are the planetary and stellar spectra and κ
is as defined in Section 2.1. It is clear from this equation
that both the relative size of the planet/star (the parameter κ)
and the relative temperature are key parameters for secondary
eclipse measurements. Here we use synthetic models to rep-
resent key examples of exoplanets (Tinetti et al. 2010b). The
emitted/reflected spectra were generated with the line-by-line
radiative transfer codes described in Tinetti et al. (2005, 2006),
with updated line lists from Barber et al. (2006), Yurchenko
et al. (2011), and Rothman et al. (2010). For these key cases, the
stellar spectra are either observed or modeled (Kurucz 1995).
In Figure 1 we show how FII(λ) changes for a given planet as
a function of star type. In this example, we chose a super-Earth
with an Earth-like atmosphere orbiting a selection of known
M-dwarfs: clearly, late M stars offer the best planet/star contrast.

Infrared observations. For feasibility studies in the IR, we
approximate the planetary and stellar spectra in Equation (5)
with two Planck curves at temperatures Tp and T⋆, with Tp being
the day-side temperature of the planet. While this approximation
is not accurate enough to model specific examples, it is helpful
when estimating the general case:

FII(λ) ∼ κ
Bp(λ, Tp)
B⋆(λ, T⋆)

. (6)

Figure 1. Planet/star flux contrast (Equation (5)) for a super-Earth orbiting
different M-type stars (M1.5V, M3.5V, and M4.5V). In this example, the super-
Earth is assumed to have an Earth-like atmosphere (see Section 3.3).
(A color version of this figure is available in the online journal.)

Figure 2. Blackbody curves for effective temperatures of 6000, 3000, 1000,
700, and 300 K. The radiation emitted by the 300 K body is negligible at λ
shorter than 5 µm.
(A color version of this figure is available in the online journal.)

In Figure 2, we show the Planck curves for a few bodies
at different temperatures. The planet-to-star flux contrast will
clearly be higher for hot planets. Note that in the IR temperate
planets at ∼300 K can be observed only at wavelengths longer
than 5 µm, as they emit a negligible amount of flux at λ ! 5 µm
(Figure 2).
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Pianeta nascoto dalla stella

Cattedri Fermi 2019 – G. Tinetti



Oscuramento al bordo
Effetti sulla curva di luce

La curva di luce appare
+ arrotondata.

L’effetto è più forte nel
visibile/UV, sparisce
nell’IR
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Oscuramento al bordo
Effetti sulla curva di luce

Senza oscuramento Con oscuramento
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Corot (ESA-CNES) 

⚆ Orbita polare, telescopio 30-cm

⚆ Lanciato nel 2006 

⚆ ~30 pianeti scoperti

Cattedri Fermi 2019 – G. Tinetti



NASA Kepler
⚆ Orbita eliocentrica, telescopio 1m

⚆ Lanciato nel 2009

⚆ Ha scoperto migliaia di pianeti 

⚆ Missione K2 cominciata 2013

⚆ Precisione vicino 0.01%

Cattedri Fermi 2019 – G. Tinetti



I pianeti di Kepler
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I pianeti di Kepler
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NASA TESS
⚆ Lanciato nel 2018, orbita molto eccentrica

⚆ Scoprirà migliaia di pianeti intorno a stelle brillanti

Cattedri Fermi 2019 – G. Tinetti



Transiti visti da Terra

Hat-NET Super-WASPNGTS

Strumenti da Terra per la misura del transito



Trappist SpeculoosMEarth

Transiti visti da Terra
Strumenti da Terra per la misura del transito (stelle M)



ESA Cheops e PLATO
⚆ Satelliti per lo studio dei transiti che 

verranno lanciati nel 2019 e 2026

Cattedri Fermi 2019 – G. Tinetti



Effetto Rossiter-McLaughlin

This is one of those cases in which a picture (or, perhaps, several pictures) is worth a thousand words.

Gaudi and Winn, ApJ 655, 550 (2007) provide not only a very thorough treatment of the Rossiter-McLaughlin effect, but also some nice pictures.

 
Figure 1 taken from Gaudi and Winn, ApJ 655, 550 (2007)

What good is the Rossiter-McLaughlin effect?

Well, there's nothing really mysterious about this effect, but it's a subtle one. It's especially subtle when the eclipsing body is a tiny little planet instead of a companion
star: instead of covering HALF the disk of the primary star, the planet might cover ONE-THOUSANDTH of the disk. Any variation in the observed radial velocity of
the primary star will be hard to find.

So, why bother?

The answer lies in ... well, let's find out the fun way.

It's the Rossiter-McLaughlin Effect Game Grid!

Pianeti in transito osservati con velocità radiale

Cattedri Fermi 2019 – G. Tinetti Gaudi, Winn 2007



Effetto Rossiter-McLaughlin
Pianeti in transito
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Effetto Rossiter-McLaughlin
Allineamento spin-orbita

Cattedri Fermi 2019 – G. Tinetti Gaudi, Winn 2007



Allineamento spin-orbita
Alcuni esempi

Cattedri Fermi 2019 – G. Tinetti Gaudi, Winn 2007



Allineamento spin-orbita
Alcuni esempi

Cattedri Fermi 2019 – G. Tinetti Gaudi, Winn 2007



Allineamento spin-orbita
Alcuni pianeti non hanno lo spin-orbita allineato
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TTV – Transit Time Variation
Per scoprire nuovi pianeti

Cattedri Fermi 2019 – G. Tinetti



TTV
Per scoprire nuovi pianeti
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TTV
Per scoprire nuovi pianeti
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TTV per scoprire pianeti
Simulazioni sistema solare

0 1000 2000 3000 4000
-50

0

50

time (days)

Transits of Mercury

0 1000 2000 3000 4000

0
200
400
600

Transits of Venus

0 1000 2000 3000 4000

-500

0
Transits of Earth

0 1000 2000 3000 4000

0
2000
4000
6000

Transits of Mars

Figure 1: Variation of transit periods of the terrestrial planets, as would be recorded by distant
observers located in the orbital plane of each planet.
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TTV per scoprire pianeti
Alcuni esempi

Cattedri Fermi 2019 – G. Tinetti



Esolune: TDV + TTV

⚆ Occorre avere TTV e TDV 

Cattedri Fermi 2019 – G. Tinetti



TDV – Transit Duration Variation

Cattedri Fermi 2019 – G. Tinetti

Per scoprire nuove lune in combinazione TTV

Kipping (2009)



TDV
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Per scoprire nuove lune in combinazione TTV

Kipping (2009)



TDV
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Per scoprire nuove lune in combinazione TTV

Kipping (2009)


