
Exam for the PhD in Physics, XXXIV cycle,
Sapienza Università di Roma, 9/7/2018

Problem set A

For the exam you have four hours of time to solve three of the five exercises below. Write your
solutions only on the sheets provided by the selection committee using a black pen.

⌘ Exercise 1: Assume the existence of a straight tunnel with a diameter d = 120 cm cutting through
the Earth from the North to the South Pole. Suppose to drop, with zero initial velocity, a ball of mass
m = 10 g and negligible size from the center of the entrance of the tunnel on the North Pole side.

1. Compute the law of motion for the ball assuming that the Earth is a sphere with constant
density, radius R = 6 · 103 km and mass M = 6 · 1024 kg. Ignore the friction of the ball with the
air and remember that the universal gravitational constant is G = 6.67 · 10�11Nm2/kg2.

2. If the ball does not return to its initial position, calculate the minimum distance from the North
Pole that the ball reaches after passing through the center of the Earth for the first time. In the
case that the ball returns to its initial position, calculate the return time.

3. If the straight tunnel has not been dug perfectly along the axis of rotation of the Earth — but it
nevertheless passes exactly through the center of the Earth — calculate the law of the motion of
the ball, if it is again dropped from the center of the tunnel entrance. Solve the problem under
the assumption that the tunnel entrance follows a rectilinear motion during the flight of the ball
(and not a circumferential arc). Under this hypothesis you can choose as a reference frame the
one formed by 2 Cartesian axes: the first one along the direction of the tunnel and the second
one along the direction of motion of the entrance of the tunnel.

4. Try to estimate an upper limit for the distance between the tunnel entrance and the North Pole
such that the ball flight can take place without hitting on the tunnel walls.

⌘ Exercise 2: A rubber tape d = 10 cm wide is covered with a layer of graphite, whose thickness
is ⌘ = 80µm, and wound around two rollers with radius r = 2 cm, which rotate at a speed f = 30
turns per second. A conducting wire of negligible resistance is connected to the tape by means of two
brushes touching its edges on opposite sides. A microamperometer is inserted into the circuit and
provides a zero measurement under in these conditions. The tape is made to pass between the two
polar expansions of a magnet with rectangular shapes, with the base equal to the width of the tape
and whose height is � = 1 mm. The magnetic field produced by this device can be considered uniform
and has a value of B = 1 mT (see the drawing on the blackboard for a better understanding).

1. Knowing that the resistivity of graphite is ⇢ = 20µ⌦·m, calculate the intensity of the current
flowing in the circuit when the electromagnet is turned on.

2. Looking at the system from a point where the magnetic field enters the tape, with the tape
moving downwards, indicate the direction of the current.

3. If L0 is the work done by the engines in an hour of operation of the device when the magnet is
o↵, calculate the work �L that must be added to L0 when the magnet is turned on to keep the
system running at the same speed.



4. Show qualitatively the currents circulating on the belt when the brushes are removed.

⌘ Exercise 3:
A particle with spin 1

2 is in a quantum state with hSxi =
p
3
2 and hSzi = �1

2 (we assume ~/2 = 1).

1. Find hSyi.

2. At t = 0 the particle is immersed in a magnetic field B = (0, 0, B). Find the time t̃ such that
hSxi = hSyi, and the corresponding value.

3. Find and plot the probability that a measure of Sx of the particle yields the value 1.

⌘ Exercise 4:
A balloon of negligible mass and filled with n = 0.1 moles of helium (gas of atomic weight 4 and well
described by the law of ideal gases) is attached with a wire to the bottom of a silo filled with oil at a
depth h0 = 12m.

1. Knowing that the oil has density ⇢ = 850 kg/m3 and is kept at a constant temperature T = 17�C,
compute the tension along the wire.

2. At time t = 0 the wire breaks and the balloon is free to move, subject to a friction force given
by the Stokes’ law, |~Ffric| = 6⇡⌘Rv with R and v respectively radius and velocity of the balloon.
Assume that the motion takes place in a laminar regime and that the oil has a friction coe�cient
⌘ = 1.3Pa · s. Since the mass of the gas is very small, assume that the balloon reaches its limit
velocity instantly and remains in this condition during the whole ascent. Compute the velocity
and volume of the balloon when it reaches the surface of the oil.

3. Write down the di↵erential equation that determines the law of motion of the balloon until it
reaches the surface. Try to solve this di↵erential equation.

⌘ Exercise 5: The Jahn-Teller e↵ect determines the geometrical distortion of the local environment
in molecules and solids, associated with certain electronic configurations. In this exercise the potential
generated by an atom in a solid surrounded by six ligands is approximated by a 3-D tetragonal box,
with edges L1, L2, L3. The potential V (x1, x2, x3) is zero inside the box, and infinite outside it.

1. Write down the general expression of the eigenvalues "i and eigenfunctions  (x1, x2, x3) of the
problem.

2. Write down explicitely the energies and eigenfunctions of the ground state and first excited
state (with the relative degeneracies) for a cubic box (L1 = L2 = L3) and a rectangular one
(L1 = L2 6= L3).

3. The energies found above represent the energy levels of an atom in a cubic and rectangular
environment. Show that, for a three-electron atom, it is energetically favorable to undergo a
rectangular distortion which preserves the volume, rather than retain a cubic structure.

4. Find the optimal value of the distortion L3/L1, and the energy gain associated with it.

5. Using realistic values for the parameters of the problem, give an estimate of the energy gain
associated with a Jahn-Teller distortion in a solid. Briefly motivate your choice of parameters.



Exam for the PhD in Physics, XXXIV cycle,
Sapienza Università di Roma, 9/7/2018

Problem set B

For the exam you have four hours of time to solve three of the five exercises below. Write your

solutions only on the sheets provided by the selection committee using a black pen.

⌘ Exercise 1: Consider a sphere of negligible weight filled with 1.1 kg of fine sand and hanging from

an inextensible wire of negligible mass and ` = 30m long. At the point which is diametrically opposite

to the point where it is hung to the wire, the sphere has a small hole from which the sand can come

out with a constant flow of 1 g/s. In the rest position the hole is at a distance h = 1m from the

horizontal floor. At time t = 0 the sphere is placed at a distance d = 30 cm from its rest position, the

hole is opened and the sphere is let go (see the drawing on the blackboard for a better understanding).

Neglecting any friction and referring to a Cartesian axis that runs along the floor in the direction of

the motion of the sphere and whose origin is at the point closest to the rest position of the sphere,

compute:

1. the position where the sand falls as a function of the time t;

2. the maximum distance at which the sand is deposited;

3. the points where the greatest amount of sand is accumulated;

4. the distribution of the mass of sand on the floor.

Assume that the sand remains exactly at the point where it touches the floor.

Hint: Some useful trigonometric formulas:

cos(arctan(x)) =
1p

1 + x2
sin(arctan(x)) =

xp
1 + x2

(1)

⌘ Exercise 2: A capacitor with capacity C = 100µF is inserted into a circular loop of conductive

material with total resistance 100 k⌦. The loop, with radius r = 2 cm, moves with uniform speed v =

3.2 ms
�1

and, at time t = 0, reaches the edge of an infinitely long region in which a uniform magnetic

field is present, with absolute value B = 0.1 T, orthogonal to the plane of the loop (see the drawing

on the blackboard for a better understanding). For the solution, consider that the time constant of

the circuit is much larger than the time needed for the loop to completely enter in the region of the

magnetic field.

1. Calculate the intensity of the current flowing through the wire as a function of the time and

position of the loop.

2. Show the direction of the current flowing through the wire. If the direction changes with time,

find the time when the inversion occurs.

3. Knowing that
R
2

0

p
x (2� x)dx =

⇡
2
, calculate the maximum charge accumulated in the capacitor

during the process



4. Calculate the current measured at time t1 = 0.625s and time t1 + 0.1 s.

⌘ Exercise 3: Given the two-dimensional harmonic oscillator:

Ĥ2D =
p
2
x

2m
+

p
2
y

2m
+

1

2
m!

2
(x

2
+ y

2
),

1. Find the energy levels and the relative degeneracies;

2. A particle subject to the Hamiltonian Ĥ2D is in a quantum state | i such that:

• A measure of the energy gives the result E=2~! with probability one.

• The average value of the operator Ĉ = x̂ŷ is
~

2m! .

Determine the state | i of the particle.

3. Using first-order perturbation theory compute how the energies of the ground state and of the

first excited state are modified, if a perturbation: Ĥ
0
= "

�
x̂
2 � ŷ

2
�
is added to the Hamiltonian

Ĥ2D.

4. Compare the result obtained with perturbation theory with the exact solution.

⌘ Exercise 4: A closed cylinder with adiabatic walls is divided into two parts A and B by a fixed

and thermally conductive inner wall. Part A contains 6 g of helium (He) initially at the temperature

TA = �70
�
C, while in part B there are 10 g of dinitrogen (N2) initially at temperature TB = 70

�
C

(useful atomic weights are MHe = 4 and MN = 14). Assuming that the two gases behave like ideal

gases, compute, once the thermal equilibrium is reached:

1. the equilibrium temperature;

2. the amount of heat exchanged;

3. the entropy variation of the whole system.

4. If the two parts (and the corresponding gases) were not in contact, but connected to a Carnot

machine, compute the total work which could be extracted from this ideal machine.

⌘ Exercise 5: In the PADME experiment, positrons of Eb = 550 MeV collide against a fixed target.

Assuming the existence of a dark photon A, we assume that the following reaction is possible:

e
+
+ e

� ! � +A

where � is an ordinary photon. The photon is detected and its energy E� , as well as the angle ✓ it

makes with the direction of the positron beam, are measured.

1. Compute the expression from which one can derive the mass mA of the dark photon from

experimental data.

2. Compute the maximum possible mass of the dark photon that can be produced with this method.

3. Assuming that the annihilation of the positrons happens in a state with total angular momentum

J = 0, compute the energy distribution of the photons in the rest frame of the e
+
e
�
system and

in the laboratory frame.
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Problem set C

For the exam you have four hours of time to solve three of the five exercises below. Write your

solutions only on the sheets provided by the selection committee using a black pen.

⌘ Exercise 1: A cylindrical vessel with negligible mass, h0 = 30 cm high and open at its upper base,

is filled up to the brim with 3 litres of water. The vessel is then placed on an ideal spring with an

elastic constant K = 300N/m and a rest length `0 = 15 cm; when the vessel is placed on it, the spring

is compressed to its equilibrium position. At the time t = 0 a small hole with area a = 1mm2
is made

at the bottom of the side wall, and the water starts to flow out with an initial velocity parallel to the

ground (see the drawing on the blackboard for a better understanding). Neglecting any friction and

viscosity, compute:

1. the speed with which the first water exits from the vessel and that with which it reaches the

ground;

2. the time required for the vessel to be completely emptied;

3. the maximum distance at which the soil is wetted by water, measured in a reference system on

the ground whose origin is at the point closest to the hole.

⌘ Exercise 2: A LINAC is a linear particle accelerator (LINear ACcelerator) consisting of conductive

tubes of variable length Ln separated by a fixed distance g and connected to a square-wave radio

frequency generator which applies an alternating accelerating potential �V between one tube and the

next. The radiofrequency period T is chosen such that the transit time for a particle of charge q and

mass m through each section, composed by a tube and a gap, is equal to T . In this way the particle,

passing from one section to another, always sees an accelerating potential (see the drawing on the

blackboard for a better understanding).

1. Assuming a classical behaviour, write the expression of the length Ln of each tube, such that the

transit time for the particles in each section is a constant equal to T , assuming that the length g
is negligible compared to Ln for each n.

2. Find the expression for Ln in the case that g is not negligible, but constant.

3. Correct the expression obtained above to take into account relativistic e↵ects.

4. Calculate the length of the first four tubes of a LINAC operating with a radio frequency of

325 MHz needed to accelerate protons (rest mass m = 938 MeV/c
2
) with an initial kinetic energy

of K0 = 15 MeV. The electric field applied between one section and the next is E = 0.96 MV/m

and the sections are g = 18 mm apart.



⌘ Exercise 3: Consider the potential:

V (x) =

⇢
+1 x < 0

U0 �(x� a) x � 0,

where U0 is a real number.

1. Find the bound states of the system for U0 < 0.

2. What is the condition for the existence of at least one bound state?

3. Consider now the case U0 � 0. Show that the function:  ̃(x) = sin(x), with  =
⇡

a
, is an

eigenfunction of the problem, for which the � barrier is “transparent”, i.e. it is a solution of the

potential both for U0 = 0 and U0 > 0. Why? Are there any other eigenfunctions with the same

property?

⌘ Exercise 4: The roto-vibrational spectrum of the HBr molecule comprises the following spectral

lines: !i = [309.7, 312.2, 314.7, 319.7, 322.2, 324.7] meV.

Knowing that the electronic dissociation energy of the molecule is �E = 3.9eV , and that the atomic

masses of H and Br are MH = 1 a.m.u.; MBr = 79.9 a.m.u.,

1. Find all parameters of the Morse potential for the interatomic interaction, as a function of the

relative internuclear coordinate R:

VMorse(R) = D (1� exp(�↵(R�Rc)))
2

2. Find how the position of the last peak of the spectrum given above is modified if, instead of mea-

suring them experimentally, the frequencies are calculated analytically, using the approximate

potential:

Vappr(R) = �Va


1

4

⇣a0
R

⌘4
� 1

8

⇣a0
R

⌘8
+

7

8

�
,

where the parameters Va and a0 are chosen in such a way to reproduce the same electronic disso-

ciation energy and the same equilibrium interatomic distance as the Morse potential calculated

above.

Important: Express all quantities in atomic units (a.u.) and clearly indicate the name of the relevant

unit, and the relative dimensions (length, time, mass, etc).

⌘ Exercise 5: The ⇡0 meson has been discovered in photo-production reactions like � + p ! ⇡0 + p.

1. Compute the minimum required energy for photons impinging on a fixed target to make the

reaction possible, knowing the masses m⇡ = 135 MeV and mp = 938 MeV of the pion and the

proton.

2. For an experiment taken at the threshold, compute the maximum possible energy of the photons

from the subsequent decay ⇡0 ! ��.


